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Abstract. We prove a wall-crossing formula for the variation of gauged Gromov- 
Witten invariants of a smooth projective G- variety (with fixed domain curve) with 
respect to the natural stability condition defined by the area of the curve. As an 
application, we prove a gauged version of the abeUamzation (or quantum Martin) 
conjecture of Bertram, Ciocan-Fontanine, and Kim 8 , which relates Gromov- 
Witten invariants of geometric invariant theory quotients by a group and its 
maximal torus. This is part of the quantum non-abehan localization conjecture 
described in iTOl. 
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1. Introduction 

For any smooth projective variety X and class d G H2{X, Z) let Mg^n{X, d) denote 
the moduli space of n-pointed, homology class d, genus g stable maps to X, equipped 
with evaluation maps 

ev = (evi, . . . , ev„) : Mg,n{X, d) ^ X" 
and for 2g + n>2> a, forgetful map 

f :Mg,n{X,d) ^Mg^n. 

For any cohomology classes a G H(X, Q)" integration over X using the virtual 
fundamental class [Mg^„(X, d)] G H{M g^n{X,d)) defines a Gromov-Witten invariant 



{a;P)g,d= _ ev*aAr/?GQ. 

J[Mg^„{X,d)] 
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Let G be a reductive group with maximal compact K, and X a smooth projective 
G- variety. A G-equivariant version of Gromov-Witten invariants with target X was 
introduced by Givental [22], by equivariant integration over the same moduh spaces. 
The resulting invariants are maps 

(■; ■)g,d : Hg{X, qr ® H(Mg,n, Q) ^ Hcipt, Q); 

see [27] for references, and |43j for the symplectic approach in the semipositive case. 

By gauged Gromov-Witten theory we mean the more sophisticated version of 
equivariant Gromov-Witten theory in which one studies holomorphic maps of curves 
to Xg = X Xg eg. There are algebraic and symplectic approaches to defining 
invariants rigorously. 

From the algebraic point of view, a holomorphic map to Xg corresponds to a 
holomorphic map to BG, that is, a holomorphic G-bundle P over a curve S, together 
with a section of the associated X-bundle P{X) := (P x X)/G. Such a datum is by 
definition a map to the quotient stack X/G, and there is a good moduli space for 
such maps that satisfy a stability condition introduced by Mundet |49j . 

From the symplectic point of view, such pairs correspond to pairs (^4, u) consisting 
of a connection j4 on a smooth principal -fC-bundle, still denoted P, together with 
a holomorphic section u of the associated fiber bundle P{X). The space of pairs 
{A, u) has a natural Hamiltonian action of the group of gauge transformations /C(P) 
with moment map depending on a choice of two-form Vols € 0^(E) and an invariant 
inner product (•, •) : 6 x 6 — > R on the Lie algebra 6, inducing an identification t — > 6*. 
Let $ : X — > P be a moment map, and P{^) : P{X) — > P{t) the map induced by 
the moment map and metric. The symplectic quotient of the space of pairs above 
is the moduli space of symplectic vortices 

(1) M(P,X), = {(A,n), FA + e-'n*P(«>)Vols = 0}//C(P). 

and has been studied by Cieliebak, Gaio, Mundet i Riera, and Salamon [11], |21j . 
|10j . Mundet's result [49] shows that it is equivalent to the algebraic point of view 
involving the stability condition, at least in the absence of infinite automorphism 
groups. Let M{Tj,X)^ denote the union of M{P,X)^ over topological types of prin- 
cipal G-bundles P ^ S, and by M(S,X, (i)^ the subset of (equivariant) homology 
class d € H2'{X,7j). Each AI{Tj, X, d)^ admits a natural Gromov compactification 
M^E, X,d)^ of polystable vortices by allowing u to develop bubbles in the fibers of 
P{X). Let M,i(S, X)e denote the moduli space of vortices with marked points vary- 
ing on the curve. The moduli space (or rather, the moduli stack; for simplicity we 
do not distinguish in the introduction) admits an evaluation morphism 

ev:M„(S,X), ^Xg 

and a forgetful morphism 

f -.Mni^^X^^MniE) 

to the moduli space M„(S) = Mg^„(S, 1) of stable n-marked curves with parametrized 
principal component S. 
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Integrating pull-back classes over the moduli space leads to gauged Gromov- Witten 
invariants 

(•; ■)d,e : Hg{X, qf ® F(M„(S), Q) ^ Q 

where d G H2{X,Z,) is the degree, that is, the homology class of the section u 
considered as a map to {X x EG)/G. In the algebraic setting, this integration 
uses the machinery of Behrend-Fantechi, while in the symplectic setting, this de- 
fines the invariants only under suitable transversality hypotheses. These invariants 
are the natural generalizations to projective X of those defined for linear actions 
by integration over the toric map spaces in Givental, as follows from the thesis of 
Jan Wehrheim [67]. We remark that other authors [33], [19] have introduced invari- 
ants which depend on a cohomology class on the moduli space of curves; from our 
point view the stability condition, and hence the invariants, depend on a choice of 
particular curve with area form. 

The gauged Gromov- Witten invariants have two interesting limits in which the 
area of the surface tends to infinity e ^ or zero e — > oo. The first limit, in which 
the moment map is forced to vanish, has been studied by Gaio and Salamon [21] and 
is related to the Gromov- Witten invariants of a symplectic quotient X//G. In the 
second limit, the curvature is forced to vanish and hence, in genus zero, the bundle 
must be trivial. This limit is related (in genus zero) to the G-equivariant Gromov- 
Witten invariants of X. More precisely, our main proposal is that the first limit is a 
composition (in a homotopical sense) of a morphism of cohomological field theories 
with the trace associated to the correlators on the quotient, while the second is given 
by the invariant part of the usual equivariant Gromov- Witten invariants. 

The purpose of this paper is to study what happens in between, that is, the 
variation of the moduli space of symplectic vortices with respect to the vortex pa- 
rameter e, for finite, non-zero values of e. This can be treated as a variation of 
stability condition, in the geometric invariant theory language, or equivalently in 
the symplectic language, variation of the moment map. In this general setting, a 
wall-crossing formula of Kalkman [36] expresses the difference between the integrals 
as the form is varied as a sum of residues of fixed point contributions. The idea is to 
construct a master space equipped with a Hamiltonian circle action whose various 
reductions give the desired spaces. In this case, the relevant moduli space is that 
of polarized vortices^ by which we mean solutions to the vortex equation equipped 
with lifts to the fiber of the Chern-Simons line bundle. Of course, we would like the 
moduli space of polarized vortices to have at worst orbifold singularities; in order 
for this to happen it suffices that the variety X satisfy a genericity condition which 
implies that any polystable polarized vortex is stable. Our formula expresses the 
difference between gauged Gromov- Witten invariants for two different vortex pa- 
rameter as a sum of residues over fixed point contributions arising from reducible 
vortices with vortex parameter between £1,62. These can be treated as vortices for 
a smaller structure group given as the centralizer of a one-parameter subgroup 
U{1)q generated by C £ S, with target the fixed point set X^ . (However, the sphere 
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bubbles lie in X, not in X''.) The resulting twisted invariants are denoted 
(•; : Hg^{X, Q)" ^ i/(M„(S), Q) ^ Q[C, C"'] 

where (abusing notation slightly) Q[C] = ^(7(i)j(pt) and Q[C5C ""^l is its localization. 
The main theorem is the following: 

Theorem 1.0.1. Suppose that X is a smooth projective G-variety, and ei,e2 be 
constants such that every ej-vortex, j = 1,2 and every polystable polarized vortex 
have finite automorphism group. Then 

The first sum is over one-parameter subgroups generated by C Q, ranges over lifts 
of d to H2'' {X,Z), Res^ denotes the residue at zero, and denotes the stabilizer 
ofC. 

The assumption of finite automorphism groups is a sort of genericity condition, 
similar to the assumption X//G has only finitely quotient singularities. The fixed 
point contributions themselves are rather complicated, of the type appearing in 
Kontsevich's description [30] of fixed point sets for the torus action on the moduli 
space of stable maps. However, one can still extract some information from them, as 
we will see below in our application. Wall-crossing formulas for different variations 
of the vortex equations (namely, variation of the moment map by a central constant) 
are proved in Cieliebak-Salamon [13j and Wehrheim ^67j. It would be interesting to 
prove a wall-crossing formula which describes the behavior of the gauged Gromov- 
Witten invariants under all possible deformations of the equivariant symplectic class. 

Our motivation for the wall-crossing formula above is the abelianization conjecture 
of Bertram et al [8] which generalizes one of Martin [33] to the "quantum" (i.e. 
Gromov-Witten) setting. Namely, the conjecture relates Gromov-Witten invariants 
for the action of G and twisted invariants for the action of a maximal torus T. 
The formula of [8] was motivated by a conjecture of Hori and Vafa jSll Appendix] 
relating Gromov-Witten invariants of the Grassmannian with those of products of 
projective spaces; this case is proved in [8j, and used to compute genus zero Gromov- 
Witten invariants of Grassmannians. We prove the following gauged version of 
abelianization: 

Corollary 1.0.2. Let X as above, and T, a genus zero curve. Let e € (0, 00) be 

such that the moduli spaces M{T,,X,G)e and M(Y,,X,T)^ consist of regular stable 
vortices only, and every polarized vortex has finite automorphism group. For any 
da G H§{X), a G Hg{XY,I3^ F(M„(S)), we have 

I— >d(3 

where the twist is by the index bundle associated to the T -representation g/t. 
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The idea of proof of abelianization is to show first that the abehanization holds in 
the chamber of "small area" (either because the gauged Gromov-Witten invariants 
vanish, as in the case considered in this paper, or more generally by Martin's original 
argument, as we discuss in p4j.) We can then prove the formula for all e by the 
"method of continuity" and induction on the dimension of the group, since the 
wall-crossing terms are given by gauged Gromov-Witten invariants with smaller 
structure group. We explain elsewhere [70] how this formula should relate to original 
conjecture of [8j (including higher quantum Kirwan corrections) at least in genus 
zero; the higher genus case discussed in [14] remains mysterious. We should mention 
that a different method for proving abelianization might be to develop a complete 
type stratification for the moduli stack of gauged maps, and use it to study the 
pairings as in [63]; we hope to return to the question of type stratification elsewhere. 

We thank A. Ott and F. Ziltener for helpful discussions. 

2. Background on wall-crossing 

In this section we review the wall-crossing formula of Kalkman [36] (see also 
Guillemin-Kalkman [28^ 5.3] and Ellingsrud-Gottsche [20]), describing how coho- 
mology pairings on symplectic quotients vary as one varies the moment map by a 
constant. Results of this sort are by now ubiquitous in gauge theory and many varia- 
tions have been discovered by many authors, see Kiem-Li [38] for further references. 

2.1. Equivariant cohomology and localization. In this section we review basic 
facts about equivariant cohomology. Let K he a compact, connected group and 
EK — > BK the universal bundle. Let X be a i^-space, say with the homotopy type 
oi a K — CW complex, we denote by Xk = {X x EK)/K the homotopy quotient 
of X, and by Hk{X) := H{Xk) the equivariant cohomology of X. The following 
properties of equivariant cohomology are well-known: 

(a) If X has a free /C-action then the projection Xk X/K has contractible 
fiber EK and pull-back Xk X/K induces an isomorphism Hk{X) = 
H{X/K). 

(b) If K' is a normal subgroup and K' acts freely making X into a principal 
iC'-bundle then the projection Xk {X/ K')j^ij^i has contractible fiber and 
pull-back induces an isomorphism Hk{X) = Hx/x'i^/^')- 

(c) If the action of K' is only locally free (i.e. finite stabilizers) then the projec- 
tion Xk — > {X/ K')j^ix' has fibers with torsion cohomology and pull-back in- 
duces an isomorphism in rational cohomology Hk{X, Q) = Hj^/j^^/{X/K' , Q). 

Any homomorphism K' ^ K induces an i^'-action on X and a homomorphism 
Hk{X) — > Hk'{X). In particular, suppose that T C is a maximal torus with Weyl 
group W = N{T)/T. The group W naturally acts on ET, hence Xt, by homeomor- 
phisms, and induces an action of W on the equivariant cohomology Ht{X). We de- 
note by Ht{XY^ the invariant part. The inclusion induces a map Hk{X) —)■ Ht{X); 
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with image contained in Ht{X)^ . Over the rationals we obtain an isomorphism 

(2) HK{X,q)^HT{X,Q)^; 

see |30] . The X-space X is equivariantly formal if the cohomology spectral sequence 
for the projection {X x EK)/K — > BK cohapses, or equivalently, inclusion of the 
fiber induces an injection 

(3) H{X,Q) ^ HK{X,q). 

If X is a compact manifold, there is an equivariant fundamental class [X]k G 

^dim(X) ( 



(y\{X). Product with [X]k defines an equivariant integration map 



[ : Hk{X,Z) ^ HK{pt, 
Jx 



If X is equivariantly formal, this induces an isomorphism over the rationals (fiberwise 
Poincare duality) 

(4) HKiX,Q) ^ RomH^^p,^Q)iHK{X,q),HKipt,Q)) 
see for example [26], [9]. 

If X is a smooth i^-manifold, then there is an equivariant version of de Rham 
cohomology defined as follows. The action of on X gives rise to a homomorphism 
of Lie algebras 

e ^ Vect(X), e ^ (x, ^x{x) = ^\t=oeM-tOx- 

Let QxiX) = Rom{i,n{X))^ denote the space of equivariant forms on X with 
smooth coefficients, and H'^{X,M.) the cohomology of the equivariant de Rham 
operator 

dK G End(r!^(X))[l], (d^a)(C) := (da)(C) + (4Cx)a)(C). 
Then H'lf{X,R) is naturally isomorphic to HKiX,R), see [29]. 

Suppose that X is smooth and compact and K is torus. Equivariant localization 
in the form described by Atiyah-Bott [3] and Berline-Vergne, see |7J, says that in- 
tegration of an equivariantly closed form over X factors through the fixed point set 
of any one-parameter subgroup. Let ^ € t be a central element, and X^ the fixed 
point set of ^. Let be the normal bundle of the embedding : X^ X. The 
intersection pairings on X are related to those on X^ by 

(5) I a = I tta A Eulxii^^y^ 

Jx Jxi 

in Hk{X)[^~^]. More generally, if X is not necessarily smooth then after localiza- 
tion the restriction map to the fixed point set is an isomorphism; this version of 
localization was discovered earlier by Borel, Hsiang, and Quillen, see for example 
tom Dieck [66j. For the explicit formula ^ to hold, it suffices that the fixed point 
sets admit tubular neighborhoods, see [29]. In particular, the formula ([5|) holds for 
manifolds with C^-actions of K. 
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2.2. Hamiltonian group actions. Let {X,uj) denote a compact symplectic man- 
ifold witli an action of K preserving uj. The action is Hamiltonian if there exists an 
equivariant moment map 

(6) <!>:X^r, i{^x)oo = -d{<^,0, V^Gt, 

or equivalently if the symplectic form uj has an equivariantly closed extension ook G 
ilj^{X),ujKiC) := w + (^)C)- More generally, if ca is closed but degenerate then we 
say that the action is Hamiltonian if the same equation ([6]) holds. A polarization of 
X is a i('-equivariant Hermitian line bundle it : L ^ X equipped with a connection 
a G Q^{Li)^ with dxa = —TT*iOK', here Li C L is the unit circle bundle. In 
particular, the curvature of a is {2ii/i)uj. The symplectic quotient of X hy K is 
X//K := ^-^{0)/K. If K acts freely resp. locally freely on <^>~\0), then X//K 
naturally has the structure of a symplectic manifold resp. orbifold with symplectic 
form u}//K £ Q'^(X//K) defined by p*{u)//K) = l*uj where i,p are the inclusion 
and projection of $~^(0) respectively. More generally for A € 6* we denote by 
X//xK the quotient {K\- x X)//K = <^-\KX)/K. If L ^ X is a polarization, 
then the line bundle L//K := (L\^~^{0))/K with connection one-form defined by 
a//K € {{L // K)i) , p* {a // K) = t*a is a polarization of X//K; here p, t are the lifts 
of p,L to L\<i>-^{0). 

2.3. Wall-crossing formulae. Suppose that G is the circle group U{1) and X is 
a Hamiltonian C/(l)-manifold with proper moment map. Denote by X//JJ{1) : = 
0^^(e)/[/(l) the quotient at e and if e is a regular value by : — >■ 
H{X//JJ{1)) the Kirwan map. For the following, see Kalkman [36], Lerman [42], 
and in the gauge-theoretic context Ellingsrud-Gottsche pO] : 



Theorem 2.3.1. Let X he a Hamiltonian U{\)-action with proper moment map 

and a € Hu(i-^{X). For any regular values e± of the moment map (p, 

(7) 

where ^ is the equivariant parameter, and Res^ denotes the residue at 0. 

The proof suggested by Lerman proceeds as follows. For any interval [e_,e+] let 
Pj^ £_,_] be the two-sphere equipped with the standard C/(l)-action by rotation and 
equivariant symplectic form with moment image [e_,e+]. Define the symplectic cut 
of X at [e_, e+] as the quotient by the diagonal action 

(8) ^[._,.+] := (XxPL[,_,,^])//C/(1) 

(9) - <p-He-)/U{l)u4>-H^-,e+)ur\e+)/U{l). 

The U{1) action on the first factor of X x P^j^ induces an action on X[^_^^^]. 
The action is Hamiltonian with moment image (piX) f] [e_, e^] and fixed point set 
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We denote by 



the canonical map given by pull-back to X x P^j^ and descent to the quotient. 
Taking the residue of the integral of ,;^](a) over X[^_^^^] gives 



Res^ / i^[e.,e+]a = 

since the integral is polynomial. On the other hand, localization ([5]) expresses the 
integral (which has zero residue) as 



(10) 



/ «;,_(a)Eul[7(i)(i^_) ^+ / Ke+(a)Eul[7(i)(i^+) ^ 

+ I X] AEu1c/(i)(z^f; 



-1 



where v± is the normal bundle of X^^j^ in X[e_,e^]. The residues of the first two terms 
come exclusively from the first term in the expansion of the inverted Euler classes, 
since a is top degree, and the wall-crossing formula follows. In fact, the argument 
does not use the Hamiltonian structure on X; the same formula holds for any 
?7(l)-manifold X equipped with a proper map (p : X ^ with the property that 
U{1) acts freely on the regular values of (p. 

Kalkman's wall-crossing formula can be used to study the symplectic quotients of 
a family of Hamiltonian X-manifolds as follows. Let (X, wo,</'o) be a Hamiltonian 
X-manifold and u>i + (j)i G ^\{X) a closed equivariant two- form. Consider the 
family of closed two-forms = wo + ^^i-, e € M. The action of K on X^ := (X, cj^) is 
Hamiltonian (in the sense that ([6]) holds; the two- form may be degenerate for large 
e but that does not concern us here) with moment map (f)^ = (j)Q + e(j)i : X — > fi*. 
Consider the symplectic quotients 

Xo,, = X,//i^ := CH0)/i^. 

For any e such that is a regular value, the form lo^ induces a closed two-form 
a;o,e on Xq^^. We remark that by equivariant Moser theorem, any deformation of the 
Hamiltonian X-manifold (X, wq, 0o) is given by such a linear family. The following is 
the symplectic version of the "master space" construction in Thaddeus |641 Section 
3], readers who prefer algebraic geometry may substitute the treatment there. 

Lemma 2.3.2 (Existence of a master space). Suppose that (ui, (pi) has polarization 
(L, ai) for some line bundle -k : L —> X and for each element £, ^t, the fixed point 
locus X^ satisfies ((^i(X^),^) ^ 0. Then there exists a Hamiltonian U{l)-orbifold 
X whose symplectic quotients X//^U{1) are canonically symplectomorphic to Xo,£ 
where smooth. 

Proof. By assumption it*loi = dai, {<pi,£,) = ai(^L))'^ £ t- Let L{T*S^) denote the 
associated bundle with fiber T*S^, that is, L{T*S'^) = Li Xcji T*S^. The moment 
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map for the action of descends to a map (p : L{T*S^) — > M. Equip L{T*S^) with 
the closed two-form tt*luo + d{(pai). The action of U{1) on the fibers of L(T*S^) is 
then Hamiltonian with moment map 4>, the action of K on L(T*S^) is Hamiltonian 
with moment map given hy (pL := TT*(po + (/)7r*(/)i. Define X := L(T*S^)//K. Then 
for any regular e there is a canonical symplectomorphism of symplectic quotients 
X // JJ{\) Xq^^, [l,v] I— > 7r(/). The space X is a smooth orbifold if the action of K 
is locally free on the zero level set in L{T*S^). An element ^ G t acts trivially on 
an element y G (l)'£^{0) if and only if 7r{y) is ^-fixed and ^ acts trivially on the fiber 
over 7r(y), that is, {(pii'n'iy)),^,) = 0. Hence X//K is a smooth orbifold if for each 
element ^ € the fixed point locus X^ satisfies {(f)i{X^),^) ^ 0. □ 



The wall-crossing formula ([7]) applied to X computes the difference of the pairings 
on Xq^^_ and Xg.e^. Indeed, the projection induces a C/(l)-invariant map L{T*S^) — > 
X and composing with the Kirwan map one obtains a canonical map k : Hk{X) — > 
Its composition with k,^^ : — > H{Xq^^^) is equal to Ko,e±, by a 
diagram chase. Let us examine the structure of the fixed point set of U{\) on X. 
Recall that W = N{T)/T is the Weyl group. For any C G we denote by is the 
stabilizer of C, under the adjoint action. 

Lemma 2.3.3 (Structure of the fixed point components). Suppose that X is a 
compact Hamiltonian K -manifold, uJi + is an equivariantly closed form, and the 
master space X is a locally free quotient. 

(a) Any fixed point [I] € X^^^^ has the property that for all z G ^(1); zl = z'^l 
for some representative I G L{T*S^) and C G £• 

(b) Let F denote the fixed point component containing some [I], andF C X^ jj^Kc^ 
the fixed point component containing [7r(/)]. There exists a local diffeomor- 
phism from F to F with fiber given by the quotient W/W(^, and any com- 
ponent F of X^^^^ is the image of some such F . 

(c) For any a G Hk{X), the pull-back of R{a)\F G under the map 
L,^ : F ^ F is equal to image of a under the restriction map Hk{X) — >■ 

(d) The pull-back of the normal bundle Np of F under is canonically isomor- 
phic to the normal bundle for the map F {X// ^K), by an isomorphism 
that intertwines the action of U (1)^^ on F with the action of U{1) on i'^F. 



Proof. If [I] G X'-^^^\ then [/] G X^ , where ^ is the generator of u(l), hence = 
for some C G 6. Since K acts locally freely C must be unique. Integrating 
gives zl = z^l for all z G U{\). By uniqueness of this holds for every point in the 
component F of X^ containing [/]. Now the map F ^ F maps K(^x to Kl, where / 
is a lift of X, and so has fiber {K/K(^)^ = W/Wq. The remaining claims are left to 
the reader. □ 
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For any fixed point component F C X'~- // ^K(^, we denote by vp the pull-back of 
the normal bundle of F to F under the map X^/UK^ Then 

Corollary 2.3.4. Let (X, wg + ^'^ii '?^0 + ^</'i) a family of Hamiltonian K-manifolds 
as above, and e_, e+ G M such that the quotient X[^_ is locally free. Then for any 
P G HKiX), 
(11) 

Jxo,.^ Jxo,._ ^ \W\ p Jf 

where the sum over represents a sum over one-parameter subgroups of K , up to 
conjugacy, and the sum is over components F of X'^ // ^K(^. 

2.4. Virtual wall-crossing. The above arguments depend only on axiomatic prop- 
erties of localization, and as such extend to the setting virtual fundamental classes 
and virtual localization developed by Behrend-Fantechi [S], Behrend [4], Graber- 
Pandharipande [27| ; a Chow ring version of the residue formula is given in Edidin- 
Graham [T8] . Kiem-Li [3S] extend the virtual wall-crossing formula to the setting of 
proper Deligne-Mumford stacks. The following is a special case of their results. 

Let X be a proper Deligne-Mumford stack. A perfect obstruction theory for X 
consists of a two term complex of vector bundles E' = [i?"^ — > on X, to- 
gether with a morphism in the derived category (of quasi-coherent sheaf complexes 
bounded from above) from E to the cotangent complex LX inducing an isomor- 
phism in cohomology in degree 0, and a surjection in cohomology in degree —1. The 
constructions of Behrend-Fantechi [5] give rise to a virtual fundamental class [X]''*^ 
of degree d = rk(ii^'') — rk(i?~^) the expected dimension. If X is equipped with 
an equivariant C*-action together with a lifting of the action to E such that (j) is 
a morphism in the category of C*-equivariant sheaves, then the above construction 
yields a class in the equivariant Chow group. Graber-Pandharipande [27] prove a 
virtual localization formula for Deligne-Mumford C*-stack X that admits a global 
equivariant embedding in a non-singular Deligne-Mumford C*-stack. (Group actions 
on stacks are detailed in [58].) If X is a Deligne-Mumford C*-stack equipped with 
a polarization and a C*-equivariant obstruction theory, the Kalkman wall-crossing 
formula holds as before, assuming the existence of a global embedding in a non- 
singular Deligne-Mumford stack. One then obtains the following algebraic version 
of the wall-crossing Corollarv 12.3.41 

Proposition 2.4.1 (Corollary of Kiem-Li ^38j). Let X be a Deligne-Mumford G- 
stack equipped with a G-equivariant perfect obstruction theory which admits an em- 
bedding in a smooth Deligne-Mumford G-stack. Let L be an ample G-line bundle, 
and Li any G-line bundle. For e small let X// ^G denote the family of git quotients 
obtained from the family of (fractional) polarizations L®L\, and X the correspond- 
ing master space with X/Z^C* = Xjj JG. Suppose e± are constants such that X//^^G 
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and the quotient X//G is locally free. Then 
(12) 

/ '^o,e^{P)-[ ^o,._(/3)= E Ew^^^cE/ 4/3AEul^(i)(j/i.)- 

J[Xo,.+ ] J[Xo,._] ^ l^^l F J[F] 

where the sum over ( represents a sum over one-parameter subgroups of G, up to 
conjugacy, and the sum is over components F of //^G(^ as e varies from ei to £2- 

3. EQUIVARIANT GrOMOV-WiTTEN THEORY 

In this section we review the construction of a cohomological field theory (CohFT) 
via Gromov-Witten invariants. For smooth projective varieties the algebraic theory 
gives rise to such a CohFT, see Graber-Pandharipande [27j for references. 

3.1. Stable curves. Each nodal, marked curve C has a combinatorial type r(C), 
a graph whose vertices are the components and edges are the nodes and markings 
of C. The map C 1— > r(C) extends to a functor from the category of marked nodal 
surfaces to the category of graphs. In particular, there is a canonical homomorphism 
Aut(C) Aut(r(C)), whose kernel is the product of the automorphism groups 
of the components of C. Let Mg^n.v denote the moduli stack of stable curves of 
combinatorial type F, and M.g,n the union over combinatorial types 

r 

Readers unfamiliar with stacks may replace Mg,n with the coarse moduli space of 
isomorphism classes Mg^n- The boundary of Mg^n (that is, the complement of the 
open locus of curves Mg,n with smooth domain) consists of the following divisors: 

(a) If g > and 2g + n > 2, a divisor 

l'g-l,n+2 '■ Dg-i^n ^ 

equipped with an isomorphism 

'Pg-l,n+2 '■ Dg-i^n ^ A^g-l,n+2- 

The inclusion is obtained by identifying the last two marked points. 

(b) for each splitting g = gi+ g2,{l, ■ ■ ■ ,n} = /i UI2 with 2gj + \Ij [ > 2, j = 1, 2, 
a divisor 

''91+92, -fiU/2 • ^gi+g2,hyjl2 ~^ ^g,n 
corresponding to the formation of a separating node, splitting the surface into 
pieces of genus gi , 32 with markings Ii,l2, equipped with an isomorphism 

'Pgi+g2,IiUl2 '■ Dgi+g2,Ii'Jl2 ~^ -^gij/il+l X -^<?2,|/2|+1 

(except in the cases Ii = I2 = % and gi = g2 in which case there is an 
additional automorphism.) 
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The pull-back i-g^^g^ huh^^ class f3 G i/*(Mg „,Q) has a Kiinneth decom- 

position 

(13) ^^i+9.,/iU/./? = E^l.J-®/^2,, 

for some index set J and classes Pk,j G -f/^(Mg^, |/^.|^;^, Q). For each of the above 
divisors D,, let 7, E H'^{Mg^n) denote the dual class to the divisor D.. 

Definition 3.1.1. (Kontsevich-Manin) An (even) cohomological field theory (Co- 
hFT) is a vector space V equipped with a symmetric non-degenerate bilinear form 
and collection of correlators 

satisfying the following two splitting axioms: 

(a;/3 A7g_i,„)g,„ = y^(a, 6k, 6^; i*g_i nP)g-i,n+2 

k 

{a,;f3 A ^gi+g2,liuh)g,n = ^(a/i,5fc; ■)g^,\i^\+i{ai2,6''; ■)g2,\l2\+ii''*gi+g2jiUl2f^) 

k 

where the dots indicate insertion of the Kiinneth components of '-^i+g2,7iU/2 

is a basis and S'^ € V a dual basis. (There is an additional factor of 2 in the 

exceptional case gi = 92, Ii = I2 = ^ arising from the additional automorphism.) 

That is, if (3 is as in ()13p then 

(a;/3 A 7^1+32, /iU/2> = "^(c^hi^k] Pi,j)gi,\h\+i{ai2,S''; (32,j)g2,\i2\+i- 

More generally, if V is Z2-graded then the above formula with appropriate signs 
leads to a general definition of CohFT. However, we will consider only the even 
case. 

Let (•, ■)■[/ denote the form on V. The correlators gives rise to composition maps 

(14) /i^'" : H{Mg^n+i) ^ V 
defined by the equation 

(/i^''"(ai, . . . ,a„;/3),ao)y = (ao, . . . , a„; /3)g,„+i. 

The various relations on the divisors in Mg^n give rise to relations on the maps /i^'". 
In particular the relation [-Do.{o,3}u{i,2}] = [-Do,{o,i}u{2,3}] in -^^^(-^0,4) implies that 
the composition map for two incoming points ^^'"^ : V V ^ V is sjo. associative 
product. 
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3.2. Stable maps. Let X be a smooth projective variety. A marked prestable map 
to X consists of a nodal curve C, a collection z = (zi, . . . , Zn) of distinct, smooth 
points on C, and a holomorphic map u : C ^ X. The pair {C,u) is stable if each 
component Ci for which Uj is constant has at least three special (nodal or marked) 
points. An isomorphism of marked nodal maps from (Co,io)'"o) to {Ci, Zi,ui) is an 
isomorphism of nodal surfaces 99 : Cq — > Ci such that (p{zo^i) = zi j for i = 1, . . . , n 
and uioip = uq. The homology class of a stable map u is deg(u) = n*[C] G H2{X, Z). 

Let Mg^n.riX, d) denote the moduli stack of stable maps of combinatorial type T 
and homology class d, and A4g^niX,d) the union over combinatorial types 

Mg,n{X,d)=\jMg,n,r{X,d). 
r 

Let M g^n{X,d) denote its coarse moduli space. From the symplectic point of view, 
the coarse moduli space of stable maps has a natural topology, so that any convergent 
sequence is Gromov convergent. Its formal tangent space is the kernel of an Fredholm 
operator given as follows. Let Defr(C) denote the space of infinitesimal variation 
of the complex structure on C preserving the combinatorial type. Any infinitesimal 
deformation may be represented as section of TC). Given a choice of representatives 

(15) Defr(C)^J]0(C,End(rC)), C ^ i(C) 

define the linearized operator 

m 

Du ■■ Defr(C) x n°{C,u*TX) n^'\C,u*TX) ® ^u{wfyTX 

i=l 

DuiC,i) ■■= (vr^'(Ve- ^J(n)dnj(C) - ^ J„(Vg J)„an)), (^(u;+) - e(t«-))- 1) 

given by the Cauchy-Riemann operator on each component, and the difference of 
the values of the section at the nodes wf , ■ ■ ■ , . The map u is regular if Du if 
is surjective. Regularity of u is independent of the choice of splitting ([15]). Let 
M^g f^{X,d) denote the locus of regular stable maps. 

Theorem 3.2.1. Let X be a compact symplectic manifold equipped with a compatible 
complex structure J G ^{X). For any c > 0, the union of components M g^n{X,d) 
over d E H2{X,'L) with {\uj\.,d) < c is a compact, HausdorjJ space. M'gl{X,d) has 
the structure of an oriented stratified- smooth topological orbifold. 

For further references see Ruan-Tian [59j, McDuff-Salamon in genus zero [36], Zinger 
[731 Chapter 3] or Gonzalez- Woodward [25j, [Ml Theorem 1.8]. 

In the algebraic geometry setting one naturally has the following, see [5J, [1], |27j . 

Theorem 3.2.2. Let X be a smooth projective variety. For any c > 0, the union 
of components A4g^n{X,d) over d G H2{X,'L) with {\uj\,d) < c is a proper Deligne- 
Mumford stack, equipped with a canonical perfect obstruction theory (p : E ^ LX. 
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The boundary structure of Aig^ni^^d) is similar to that of -Mg^n- If 5 > and 
2g + n > 2 or d ^ 0, there is a subset 

l'g-l,n+2 ■ Dg-i^n+2{X,d) Mg,n{X,d) 

equipped with an isomorphism 

The inclusion is obtained by identifying the last two marked points. For each split- 
ting g = gi + g2,{l, . . . ,n} = IiU l2,d = di + d2 with either 2gj + \Ij \ > 2, j = 1, 2 
or dj ^ a divisor 

hi+QiJiUh '■ Dg^+g^j^uhiX, di, d2) — > Mg,n{X.id) 

corresponding to the formation of a separating node, splitting the surface into pieces 
of genus 51,^2 with markings /i,/2 and homology classs di,d2, equipped with an 
isomorphism 

(16) Vgi+g2jiuh '■ Dg^+g2,i^ui2iX,di,d2) Mg^^\i^\^i{X,di) xx Mg,^^\i2\+i{X,d2) 

(except in the cases Ii = I2 = $ and gi = g2 in which case there is an additional 
automorphism) with tgi+g2,/iU/2 resp. fgi+g2,iiui2 an immersion resp. isomorphism 
of orbifolds over the regular locus. If 2gj + \Ij\ > 2 (that is, each component is 
stable) there is a forgetful morphism 

/ ■ Dg^+g2j^Ul2{X,dl,d2) Dg^+g^J^Uh 

is a fibration over a subset of codimension two, namely the locus where no collapsing 
of unstable components occurs. 

Suppose that X is equipped with a G-action; then G acts on A4g^niX,d) by 
translation and all the boundary divisors above are invariant. Let 

^gi+g2,hul2{X,di,d2) £ HqIM g,n{X, d)) 

denote the dual class to Dg^+g^j^uhiX, di, (^2). The pull-back classes are given by 

(17) f*^gi+g2,hul2 = X] Sg^+g^j^ul2{X,di,d2). 

di+d2=d 

For any cohomology classes a G Hk{X, Q)"- and /3 G H{Mg^n, Q), integration defines 
an equivariant Gromov-Witten invariant 

{a;(3)g,d = /_ ev* a A G HG{pt,Q)- 

JlMg,n{X,d)] 

Define the Novikov ring Ax for X as the set of maps (p G }lom{H2{X,Z),Q) such 
that for any constant C, the set 

{XeH2{X,Z)\ (A,M)<C, <p{X)j^O} 

is finite. Define a vector space 

QHg{X, Q) := Hg{X, Q) (8)q A^. 
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Equivariant Poincare duality ([!]) extends to this setting and we define composition 
maps 

: QHg{X, Q)" H(M g^n+i,Q) ^ QHg{X, Q) 

by 

In the case n = 2 the moduU space Mo,n+i is a point and /i^^^ : QHq{X, Q)®^ ^ 
QHg{X,Q) gives the sma// quantum product on QHg{X,Q). For the following, see 
Givental [22] and Graber-Pandharipande [27j . 

Theorem 3.2.3. Suppose that X is a smooth projective G-variety. The maps ^j^x^q 
form a cohomological field theory with values in QHg{X,Q). 

Similar results hold in the symplectic context, in situations where one can achieve 
transversality. The structure of the fixed point sets of the action of G on the moduli 
space of stable maps is described in Kontsevich [40]. In particular, any Gromov- 
Witten invariant of X can be computed in principle from the fixed point data in X, 
assuming that all invariant spheres are isolated. 



3.3. Twisted Gromov-Witten invariants. In this section, we describe twisted 
versions of Gromov-Witten invariants arising from vector bundles on X, see for ex- 
ample Coates-Givental [15j. The results here are not needed for the main theorems, 
but rather provide a context for the wall-crossing formula. 

Let E ^ X he a G-equivariant complex vector bundle. Pull-back under the 
evaluation map evn+i ■ -Mg^n+iiX) — > X gives rise to a vector bundle ev*^;^ 
■Mg^n+iiX), which we can push down to an index bundle Ind(£') := Rfn+i,* e^n+i ^ 
in the equivariant derived category of Mg^n{X). Consider the equivariant Euler 
class 

EulGxC*(IndG(i?)) € HG(Mg,n{X))<S)mC,C^] 

which is invertible in Hg{M g^n{X),Q) (g> Q[CiC~^]) where C is the parameter for 
the action of C* by scalar multiplication in the fibers. Define twisted equivariant 
Gromov- Witten invariants 

{a;(3)g,n,E,d= f_ ev* a A rp AEnlGxC'{lndG{E)) e HGipt,Q) (^QiCC^]- 

From the symplectic point of view Ind(£') is a i^-class has fiber at (C, u) given by 
the index of the twisted Dolbeault operator 

du*E ■■ n'^'\G,u*E) ^ n^'\G,u*E). 

The gluing construction for indices of elliptic operators (see e.g. [681 Theorem 2.4.1]) 
implies that the index bundles over the various strata fit together to a global class 
in iiT-theory. 



16 



EDUARDO GONZALEZ AND CHRIS WOODWARD 



The twisted invariants satisfy the factorization property 

(a;/3 ^-1g-l,n)g,d,E = ^{a,6k A EuIgxC- (5''; t*_i^„/3)g_i,rf,£; 

k 

(18) (a, ;/3 A 7gi+g2,-fiU/2)5,d,£; 

= X] '^EulGxC*(^);->9i,di,£;(a/2)'5'';-)(;2,<i2,£^(''gi+32,/iU/2/')- 
di+d2=d k 

The additional Euler insertion on the right hand side arises from the fiber at the 
node. Define 

and define twisted composition maps 

by 

(^x"g,£;("1' • • • '""!/')'"o) = X] e'^(«o AEulGxC*(^)~^•••,an;/3)g,d,E• 
de-f^2(x) 

Algebro-geometric discussion of twisted composition maps can be found in e.g. Pand- 
haripande [M] . 

Theorem 3.3.1. Suppose that X is a smooth projective G-variety, and E ^ X 
he a G-equivariant vector bundle. The datum {QHQyij^i^(X,Q), (^^'")g,n>o) form a 
cohomological field theory, denoted GWg{X,E). 

4. Gauged Gromov-Witten theory 

In this section we define gauged Gromov-Witten invariants. These give rise to 
an algebraic structure that we call a "cohomological trace", based on the boundary 
structure of the moduli space of stable rooted curves. 

4.1. Stable rooted curves. The purpose of this section is to define a notion of 
cohomological trace on a cohomological field theory. Let S be a smooth projective 
holomorphic curve. An n-marking of S is a collection z = (zi, . . . , z^) of n distinct 
points on E. A T,-rooted stable n-marked curve is a genus g = genus(S) n-marked 
stable map n : C — > S of class [S]. Since this class is minimal, there exists a distin- 
guished component Co C C that maps isomorphically onto S; all other components 
map to points. Let A^„(S) denote the moduli stack of S-rooted stable marked 
curves, viewed as a compactification of the configuration space of n points on S. 
For each subset I C {l,...,n} of order at least two there is a boundary divisor 

where the markings for i G I have bubbled off onto an (unparametrized) sphere 
bubble, and a homeomorphism 

ipr.Di^ A^o,|/|+i X AT„_i/|+i(S). 
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In particular, for any /3 G the puh-back ij/? has a Kiinneth decomposition 

(19) >^*iP = J2^^d®P2j 

for some index set J and classes S H{Mq^\^^_^i) and /32j € //(M„_|/|_,_x(^))- 

Definition AAA. A H-cohomological trace on a CohFT 1/ with values in a vector 
space i? is a collection of correlators 

satisfying the splitting axiom 

(20) r"(a;/? A 5/) = r"-l^l+i(a„ i ^ /,/xl'l(«; O; ^(il/?) 

where the -'s denote insertion of the Kiinneth components of /? and are the 
composition maps of (I14p . That is, with /? as in ()19p . 

r"(a; /? A 5/) = r"-l^l+i(a„ i ^ /, /i'^l (a; /3ij); /32,i). 

4.2. Symplectic vortices. Symplectic vortices arise via the symplectic quotient 
construction applied to the space of gauged pseudoholomorphic sections. The equa- 
tions that they satisfy were introduced and studied by Mundet i Riera [50] and 
Salamon [TT]. In physics the gauged sigma model goes back at least to Witten |69] . 

Let S be a compact smooth holomorphic curve, and vr : P — > S a smooth principal 
i^-bundle. Given any left iT-manifold F we have a left action of on P x F given 
by k{p, /) = {pk^^, kf) and we denote by P{F) = {P x F)/K the quotient, that is, 
the associated fiber bundle with fiber F. 

Let X denote a compact Hamiltonian i^T-manifold with symplectic form u and 
moment map $ : X — > t*. The action of on X induces an action on J{X) by 
conjugation, and we denote by J'{X)^ the invariant subspace. Let ip : T, —>■ BK be a 
classifying map for P — > S. Sections u : S ^ P{X) are in one-to-one correspondence 
with lifts of il) to Xk- The degree, or homology class, deg(ti) of the section u is 
defined to be the class deg(n) e H^{X,Z) of the corresponding lift. 

We denote by A{P) the space of smooth connections on P, and by P(6) := 
(P X t)/K the adjoint bundle. For any A G A{P), we denote Fa G il^(S,P(t)) 
the curvature of A. Any connection A £ A{P) induces a map of spaces of almost 
complex structures 

J{X f ^ J{P{X)), J^Ja 

by combining the almost complex structure on X and S using the splitting defined 
by the connection. Let r(S, P{X)) denote the space of sections of P{X). We denote 
by 

(21) : r(S,P(X)) ^ U r?°'i(S,'u*r™''*P(X)) 

uGr(s,P(x)) 
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the Cauchy-Riemann operator defined by J a- A gauged map of P{X) is a pair {A, u) 
where A G A{P) and u : S ^ Pi^) is a section. Let 7^(-P, X) be the space of gauged 
holomorphic maps consisting of pairs 

H{P, X) = {{A, u) G A{P) X r(E, P{X)), dAU = 0}. 

The space 'H{P, X) has a formal closed two- form induced from the sum of the sym- 
plectic form on the affine space of connections and the space of maps to X. This 
is not strictly necessary for our purposes, but serves to motivate the definition of 
symplectic vortices below. Let ( A ) : P{t))'^ r2^(S) denote the operation 

obtained by combining wedge product with the metric on the Lie algebra, and 

n\^,P{t)f^R, (ai,a2) (ai Aas) 

the symplectic form on the affine space of connections ^(P).On the other hand, 
let P{uj) denote the fiber-wise two-form on P{X) defined by lo. Choose a two-form 
Vols G and define a formal 2-form 

(22) 170(S,u*r™'-*P(X))2 ^M, {vi,V2)^ J u*P{u;){vuV2)Yol^. 

(|22|) is the restriction of a closed formal two-form on the space of all sections S — > 
P{X), and so restricts to a closed two-form on 'H{P,X), where smooth. If X is 
Kahler, then the Ti.{P, X) is formally a complex manifold in the sense that its tangent 
space is the kernel of a complex linear operator, and this can be used to show non- 
degeneracy of (f22]) . where 7^(P, X) is smooth. Choose a constant e > and consider 
the summed formal two-form 

i{ai,vi),{a2,V2)) ^ / (ai A 02) + e"^(n*P(tj))(?Ji,^;2) Vols . 

Let /C(P) denote the group of gauge transformations of P, with Lie algebra t(P) = 
P{t)). The infinitesimal action t — > Vect(X) induces a map 

(23) S7°(S,P(«)) ^ Map($],P(Vect(X))), C^Cx- 

The action of IC{P) on 7i{P,X) has generating vector fields given by the covariant 
derivative and infinitesimal action 

Ch(p,xM,u) = i-dAC,Cxiu)) G OnS,P(«)) X f]0(S,tx*r™'-*P(X)) 

for ^ G Q,^{Tj, P{t)). The action preserves the formal two-form (\22h and has formal 
moment map given by the curvature plus pull-back of the moment map for X, 

n{P,X) Q2(S,P(«)), {A,u) ^ Pa + e~^ Vols n*P(^'). 

This motivates the 

Definition 4.2.1. A gauged holomorphic map {A,u) G ?i{P,X) is an e-vortex iS 

Fa + e"^ Vols u*P{^) = 0. 

An n-marked symplectic vortex is a vortex (A, u) together with n-tuple z = (zi , . . . , Zn) 
of distinct points on S. A framed e-vortex \s a collection {A,u,z^(j)) where {A,u,z) 
is a marked e-vortex and (/) = ((/)i, . . . , (pn) are trivializations of the fibers of P at 
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zi, . . . ,Zn, that is, each (pj : — > is a i^-equivariant isomorphism. A marked 
vortex {A,u,z) is stable if it has finite automorphism group. A framed vortex is 
stable if the underlying marked vortex is stable. 

The stability terminology for vortices is somewhat problematic because of a con- 
flict between the stability terminology for bundles and for curves. In particular 
{A, u) is strictly polystable if it satisfies the vortex equations but has infinite auto- 
morphism group. On the other hand, when we consider nodal vortices later, we 
cannot really call them semistable since we allow infinite automorphism group, but 
require that the "ghost" bubbles, that is, bubble components on which the map is 
constant are stable (at least three special points) rather than only semistable (at 
least two special points). 

Symplectic vortices satisfy an energy-area relation similar to that for holomorphic 
maps. The energy of a gauged map {A, u) is given by 

E{A, y) = \j^ {\^AU? + \Fa? + \u*Pm?) Vols . 

The equivariant symplectic area of a pair u is pairing of the homology class of u with 
the class [llIk] G H'^{Xk), 

D{u) = (deg(^x), [u^k]) = m.nU^K]). 

Suppose Vols is the area form determined by a choice of metric on S. The energy 
and equivariant symplectic area are related by 

(24) E{A,u) = D{u) + j {\dAu\^ + ^|Fa + Volsn*P($)|2^ Vols 

see |10^ Proposition 2.2]. In particular, for any symplectic vortex the energy and 
equivariant symplectic area are equal. 

Let M{P, X)i: be the moduli space of e-vortices 

M(P, X), := niP, X)//1C{P) = {Fa + e-^ Vols n*P($) = 0}//C(P). 

Let Mn{P, X)^ denote the moduli space of isomorphism classes of n-marked e- 
vortices. Let 

M„(E,X), = U M„(P,X), 

denote the union over isomorphism classes of bundles P. The moduli space M„($], X)^ 
is homeomorphic to the product M{T,,X)e x Mn{T,). Denote by M(T,, X,d)e the 
component of M(S, X)^ of homology class d E //^^(X, Z). 

4.3. Compactification. M„($],X, (i)^ has a Gromov-style compactification which 
allows bubbling of u in the fibers of P{X). 

Definition 4.3.1. A prestable gauged marked map from S to X with underlying 
bundle P consists of a datum {A,C,u,z) where 
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(a) A is a connection on P ^ S; 

(b) u : C ^ Pi^) is a stable map of base degree one, that is, vr o tt : C ^ S is a 
stable map of class [S]; 

(c) z = (zi, . . . , Zn) £ C are distinct, smooth points of C. 

A prestahle e-vortex is a prestable gauged map such that the principal component 
is an e-vortex. A prestable vortex {C,A,u,z) is polystahle if each sphere bub- 
ble Ci on which Ui is constant has at least three marked or singular points, and 
stable if it has finite automorphism group. Note that there is no condition on 
the number of special points on the principal component. In particular, constant 
gauged maps with no markings can be stable. An isomorphism of nodal e-vortices 
{C,A,u,z),{C\A',u',z^) consists of an automorphism of the domain -0 : C* ^ C", 
inducing the identity on S, and a bundle isomorphism a : P ^ P', intertwining the 
connections and maps: that is, a* A' = A, u' = a o u o ip and exchanging the mark- 
ings, that is, tp{zi) = z[,i = l,...,n. For any map u : C ^ P{^)i the homology 
class deg(u) € H2^{X, Z) of u is the push-forward of [C] under a map uk '■ C — > Xk 
obtained from a classifying map for P, that is, the sum of the homology classes of 
the components. 

The following extends the notion of Gromov convergence to the case of nodal 
marked vortices: 

Definition 4.3.2. Suppose that (Cq,, Aa,Ua,z^) is a sequence of polystable marked 
nodal e-vortices on E with values in X, and (C, A, u,z) is a polystable e-vortex with 
values in X. We say that {Ca, Aa,Ua, z^) Gromov converges to {C,A,u,z) if after 
a sequence of gauge transformations Aa converges to Aoo in the topology and 
weakly in the i/^-topology and Ua converges to u as in the standard definition of 
Gromov convergence of holomorphic maps [46j. A subset S of M{T,,X)^ is Gromov 
closed if any convergent sequence in S has limit point in S, and Gromov open if its 
complement is closed. 

The definition of Gromov convergence implies in particular that the curvature F^^ 
converges to Fa^ in L^. Note that Aa is not required to converge to A uniformly 
in all derivatives; in fact, we do not know whether compactness holds with this 
definition. The Gromov open sets form a topology for which any convergent sequence 
is Gromov convergent, and any convergent sequence has a unique limit, by arguments 
similar to [46', Lemma 5.6.5]. 

For each i = 1, . . . , n, let fj G S denote the attaching point of the bubble tree 
containing Zj. 

Definition 4.3.3. A framed stable e-vortex consists of a stable vortex together with 
framings at the attaching points of the bubbles (pi : Pf. K, i = 1, . . . ,n. The 
definition of isomorphism of framed nodal e-vortices is similar to the unframed case 
in Definition 14. 3. 1[ 
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Let M^{T,, X)^ denote the moduli space of isomorphism classes of stable framed 
e- vortices. 

Theorem 4.3.4. For any c > 0, the union of components M„(S,X, (f)^ resp. 
fj. 

M„(S,X, d)e with {[u;K],d) < c is a compact, Hausdorff space. 

See Mundet [50]. The argument is a combination of Uhlenbeck and Gromov com- 
pactness; we refer to [23] or Ott [53j for other versions of the argument. The main 
technical point is that we do not have convergence of the connection in all derivatives 
on the annulus region near a bubble, but rather only convergence. Neverthe- 
less, the "bubbles connect" goes through using a priori estimates obtained from the 
vortex equation. 

The boundary structure of M„(S,X)e is similar to that for M„(S). For each 
subset I C {1, . . . ,n} and splitting di + d2 = d such that if di = then |/| > 2 is 
there is a subset 



where the markings for i G I have bubbled off onto an (unparametrized) sphere 
bubble of homology class di . There is homeomorphism 



identifying the two extra markings. 

4.4. Semistable gauged maps. Let X be a smooth projective G-variety and E a 
smooth projective curve, all defined over Spec(C). 

Definition 4.4.1. An prestable gauged map from S to X over a scheme S consists 
of a datum (C, P, u) where 

(a) C — > S is a flat family of prestable curves; 

(b) P ^ S X S is a principal G-bundle; 

(c) u : C ^ •= {P ^ is a family of stable maps with base class [S], 
that is, the composition of u with the projection P{X) — >• E has homology 
class [S]. 

An morphism from (S,C,P,u) to {S' ,C, P' ,u') consists of 

(a) A morphism (3 : S ^ S'; 

(b) A morphism (p : P ^ {P x 1)*P'; 

(c) A morphism a : C ^ C; 



(25) 



Ll : Di{di,d2) 



M„(E) 




22 



EDUARDO GONZALEZ AND CHRIS WOODWARD 



such that the following diagrams commute: 



P 



5 X E 



C 



P{X) 



id 



[</.xidx] 



{13 X lyp' 



5 X S 



c 



P'{X) 



Let 9Jl„(E,X) denote the category of n-marked prestable gauged maps. The 
functor 9Jl„(S,X) — > Scheme, (S, C, P, u) i— > S makes into a category 

fibered in groupoids. 

Theorem 4.4.2. 9JT„(S,X) is a (non-finite-type, non- separated) Artin stack. 
References for stacks are Laumon/Moret-Bailly |41] and Olsson [52] . 

Proof. We construct an Artin atlas as follows. Locally, Hom(E,pt /G) may be pre- 
sented as a quotient stack of a quasiprojective variety i? by a reductive group H 
(see for example Seshadri [61J and Ramanathan [ST]) and R is equipped with a 
universal G-bundle U ^ R, equivariant for the ff-action. The morphism R/H — > 
Hom(S,pt/G) is an Artin chart. Let U(X) — s- i? x S denote the associated X- 
bundle. Since U is smooth quasiprojective G-bundle, U{X) is a smooth quasipro- 
jective variety. Let du^x) £ H2{U{X)) denote the image of TTgd G H2{U x X) in 
H2{U{X)), where ^2 ■ U x X ^ X is the projection. Consider the moduli stack of 
stable maps A4g^niU{X), djj^x))- The action of H on U induces a natural action of 
H on ^Ag^n{U{X),dlJ(^x)) by translation. The quotient M.g^n{U{X),dij(^x))/H maps 
naturally to 9Jt„(S, X, d). Thus any atlas for Mg^n{U (X), djj(^x))/H defines an atlas 
for the subset of 9Jl„(S, X) covering R/H. As R/H varies these maps define an atlas 
for 9Jt„(S,X). The remainder of the proof is left to the reader; we remark that the 
quotient of a stack is again a stack, see e.g. [35] Appendix]. □ 

Mundet's stability condition is defined in terms of parabolic reductions as follows. 
First recall the associated graded of a principal G-bundle, as in Ramanathan |57j . 

Definition 4.4.3. A parabolic reduction of P consists of a parabolic subgroup R 
and a section a : S — > P/R. Let L denote the Levi oi R, p : R ^ L the projection, 
i : L ^ G the inclusion, a*P denote the associated R bundle, p.^a*P the associated 
L-bundle, and Gr(P) = i^p^a*P the associated graded G-bundle. 

If G = GL{n), then a parabolic reduction is equivalent to a filtration of the associated 
vector bundle and Gr(P) is the frame bundle of the associated graded vector bundle. 
Given a stable section u : C ^ P{X), one can also define the associated graded 
section: 
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Definition 4.4.4. Let Z denote the center of L, 3 its Lie algebra, and A € 3. The 
induced family of automorphisms (/> of by = exp(ln(z)A) by conjugation induce 
a family of bundles P^^x ■= j^{{a*P x C) R) with central fiber Gr(P), where 
J : i? — > G is the inclusion. The stable section u extends canonically to a section 
Gr(u) of (Gr(P))(X). 

Suppose that A is identified with a weight in 3* via the inner product on 3 C g. The 
degree of the pair (a, A) is defined by 

(27) deg(cT, ^) = ci {p,a*P x^ Ca) + e"^ (P($) o Gr(n)o, A) Vols 

where Gr(n)o : S P{X) denotes the principal component of Gr(M) : C Pi^)- 
The pair(P, It) is stable iff deg((T, A) < for all pairs (cr, A), unstable if there exists 
a de-stabilizing pair (a, A) with strict equality, semistable if it is not unstable, and 
polystable if it is semistable but not stable and (P, u) is isomorphic to its associated 
graded for any pair (a. A) satisfying the above with equality. 

Mundet's theorem [49] gives the equivalence of the stability condition with the 
existence of a solution to the vortex equations. We will need a slightly stronger 
version that works for families over a scheme 5. We say that a prestable gauged 
map {P,u) over a scheme S has finite automorphism groups if every fiber (Ps,Us) 
has finite automorphism group, and is stable if every fiber {Ps,Us) is stable. 

Theorem 4.4.5 (Hitchin-Kobayashi correspondence for vortices, family version). 
A prestable gauged map (P, u) over a scheme S with finite automorphism groups is 
stable iff there exists a continuous family Qs £ Q{P),s & S of complex gauge trans- 
formations so that gs{As,Us), s & S is a continuous family of symplectic vortices; if 
so, the complex gauge transformation gs € Q{P) is unique up to a continuous family 
of unitary gauge transformations kg € /C(P), s € S". 

Proof. For S a point, this is [l9] in slightly different language; Mundet does not 
define the associated graded of the section but instead works with the asymptotic 
value of (t){A.,u) := Fa + m*P($) Vols, which is the same as the value of 4) on the 
associated graded pair. Indeed, Fa and ti*P($) in the L^-topology under Gromov 
convergence and so cj) is continuous in L^. For S an arbitrary scheme, Mundet's 
functional [l9] extends to a family 

^ : 5 X 1{P) ^ M, grad(^|{s} x 1{P)) = (^(exp(ie)(^, n,)) 

where is strictly convex on each fiber {s} x 6(-P). 

By Mundet's theorem, the family is semistable iff each restriction 'J'ljs} x t{P) 
has a critical point, necessarily unique, which defines the gauge transformation g = 
exp(i^) so that gs{As,Us) is a vortex. Since 4> is continuous in s in the L^-topology, 
gs is continuous in s. □ 

Note that this theorem is far from a complete package that appears in the works 
of Kempf-Ness [37], Kirwan [39], and Ness [H]. We hope to return in the future 
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to issues such as type stratification, convergence of the heat flow etc. In this paper 
however will need only the (semi)stable stratum. 

Lemma 4.4.6. The e-semistability condition is open in families, so that the sub- 
category o/9Jl„($],X) whose points are gauged maps satisfying the e- 
semistahility condition is an open substack. 

Proof. Suppose that (P, u) is a family of gauged maps over a base scheme S, and 
(cr, A) is a weighted parabolic reduction which is destabilizing on the general fiber. 
It suffices to show that {a, A) is destabilizing on the special fiber. Shatz [62j proves 
that the first term in the degree ()27|) is constant under specialization. The second 
term in ((27|) is upper semi-continuous, because it is so pointwise for the action of G 



since the action of exp{itX) for t < only decreases (<1>, A). The lemma follows. □ 

Proposition 4.4.7. Suppose that every e-semistable pair has finite automorphism 
group. Then the map assigning to any stable gauged map the corresponding symplec- 
tic vortex defines a homeomorphism from the coarse moduli space of A4n{'^,X,d)e 
to the moduli space of vortices Mn{T,, X, d)^. 

Proof. We have Mn{^, X,d)e = Mg^n{^ x U{X),d)^/H as in the construction of 
Artin charts in the proof of Theorem 14.4.21 where the subscript e denotes the open 
substack of e-stable maps. It follows that the coarse moduli space for x 
U{X),d)e/H is Mg^nC^ X U{X),d)e/H , the quotient of the e-stable locus in the 
coarse moduli space of curves Mg^„($] x U{X), d) by H. The Hitchin-Kobayashi cor- 
respondence for families Theorem l4.4.5l implies that the map Mg^n[TjxU{X),d)f:/H — 
M„(S,X)e mapping each pair {P,u) to the corresponding symplectic vortex is 
continuous. A continuous inverse is given as follows. Let be a Gromov- 

continuous family of vortices. Since R/H is a chart for the moduli stack of bundles 
and As is C^'-continuous in s, the family Ag may be represented by a C'^-map r : S ^ 
R. Since Ug is Gromov-continuous in s, the pair (rs,^^) G Mg^„(S x U [X) djj (^x)) 
varies continuously in s, hence in the quotient M„(S,X, d). □ 

Corollary 4.4.8. Suppose that every semistable vortex is stable, that is, all au- 
tomorphism groups of vortices are finite. For each constant c > 0, the union of 
components M.n{'^^X,d)e with {d,[ujK]) < c is a proper smooth Deligne-Mumford 
stack. 

Proof. By Lemma r4.4.6t X)^ has the structure of a smooth Artin stack, which 

is Deligne-Mumford by the assumption of finite automorphism groups. It remains to 
show properness of UdMnC^, X, d)^, which is equivalent to properness of the coarse 
moduli space UrfM„(S, X, d)^, see [Ml Theorem 3.1], which in turn follows from 



on X: 




lim lim {^{exjp{itX)uz), X) < lim (<I>(exp(itA)no), A) 




□ 
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Let ev : Al„(S,X)e (X/G)" denote the evaluation map at the marked points, 
{S,P,C,u,z) ^ {S,z_*P,u o z). Let ev* denote the induced pull-back in rational 
cohomology, 

ev* : HciX^qr ^ i^(M„(S, X)„ Q). 

Lemma 4.4.9. There exists a forgetful morphism f : A1n(S,X)e which 
maps {C, P,u, z) to the stable Ti-rooted curve obtained from (C, 7roM,z) by collapsing 
unstable components. 

Proof. Write Al„(i;,X, (i)^ as the quotient of Mg^ni'^ x U{X),{\,d)) by a group 
as in the presentation by Artin charts in Theorem I4.4.2I The existence of a 
morphism A4g^„(S x C/(X), 7Wg,ri(S) is standard, see Behrend-Manin [6]. 

The restriction to the e-semistable locus factors through the quotient X, (i)^. 

□ 

Denote by /* : i?(M„(S),Q) ^ F(M„(S, X),, Q) the induced pull-back in ra- 
tional cohomology of coarse moduli spaces. 

4.5. Gauged Gromov-Witten invariants. 

Theorem 4.5.1. Let X be a smooth projective G-variety. The stable locus in 
A^„(S,X)e has a canonical perfect obstruction theory. 

Proof (c.f. Frenkel-Teleman-Tolland [H Section 5].) Letp : iln(S,X) M„(S,X) 
denote the universal curve, obtained by specifying a section w of the family C — > S. 
The morphism 

e : nn(S, X) X/G, {S, G, P, u, w) ^ {S, tt*u*w*P, u* o w) 

is the universal evaluation map, where it : P{X) ^ S is the projection, so ttou : G — >■ 
S. Let pt) denote the stack of prestable gauged maps to a point equipped with 

the trivial G-action. By Behrend-Fantechi [Sj Section 7] the (representable, Deligne- 
Mumford) morphism 9n„(S,X) — > 9Jl„(S,pt) has a perfect relative obstruction 
theory given by push-pull Rp^e*TX using the univeral morphism ev and projection 
/ from the universal curve over 97t„(S,X), see [I9l Section 5]. One obtains an 
absolute obstruction theory of amplitude [—1, 1] by combining with the cotangent 
complex for 9Jl„($],pt), see Graber-Pandharipande [^T', Appendix] for the case of 
ordinary Gromov-Witten theory. This restricts on the stable locus in A^„(S,X)e to 
a perfect obstruction theory, since the stability condition guarantees no infinitesimal 
automorphisms and so amplitude in [0, 1]. □ 

Corollary 4.5.2. Suppose that every semistable gauged map is stable, that is, has 
finite automorphism group. Then 7W„(S,X)e has a canonical virtual fundamental 

Proof. By the previous Theorem, and Behrend-Fantechi [U Section 7]. □ 
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Pairing with the virtual fundamental class gives a map 

/_ ■.H(Mn{^,x),,q)^q. 

J[m„{j:,x),] 

The gauged Gromov-Witten invariant associated to a G Hg{X,Q)^ , (3 G -ff(M„(S),Q) 
is 

(28) {a;(3)d,e= [_ ev* a A r/3. 

y[M„(S,X),] 

We denote by the equivariant Novikov ring for X, as the set of maps ip € 
Hom(iJ2^(X, Z), Q) such that for any constant C, the set 

{A G H^{X,Z)\{X, [lok]) < ip{\) + 0} 
is finite. Summing over homology classes gives a map 

The compactness result of Theorem 14.3.41 implies that the sum is well-defined. 
The invariants satisfy the following splitting axiom. 

Theorem 4.5.3. Suppose that e > is such that every element of Mn^E, X)^ has 
finite automorphism group. Then the invariants q define a cohomological trace 
on the cohomological field theory GWg{X) of Theorem \3.2.3[ 



Proof. The inclusion lj of the boundary divisor Dj is compatible with the perfect 
obstruction theories, by the same argument in (In any Artin chart one has com- 
patibility for Aig^nC^ X U{X)) as in [3], and compatibility descends to the quotient 
by H.) The splitting axiom (I20p follows as in [4j and (j26p : 

rl,G(«;/3A<5/) = y^e" f iKev*aAf*P) 

= E ^^^Jipj')\}ey*aAf*P 

di+d2=d 



T 



X.G 



[(A/o,|j|+i(X,di)xxM„_|,|+i{S,X,d2).)/G"-l-f| + i] 

\ai,i i I,^j}^^Q{ai,i € /; •); •)(^//3) 



where lj is the inclusion of the divisor as in (I25p . □ 



4.6. Reducible vortices. 

Definition 4.6.1. A prestable gauged map (C, A, u) is reducible if it is fixed by the 
infinitesimal action of an infinitesimal gauge transformation G il^{T,, P(t)), that 
is, dAC = OXxiu) = 0. 
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See (I23p for the definition of Qx- Since the stabilizer group of any vortex {A,u) is a 
compact Lie group, a vortex is reducible if and only if the stabilizer of {A, u) is infi- 
nite. Reducible vortices play a key role in the wall-crossing formula Theorem I5.6.1[ 
In this section we investigate the relationship between reducibles and polystable 
vortices with smaller structure group. The name is justified by the following: Let 
G P{i)) be an infinitesimal gauge transformation fixing (C, A, u). Fix a base 

point z G T, and a trivialization of the fiber <j)z '■ Pz ^ K. Let C,{z) G Aut(P2) = K 
denote the evaluation of (" at z and K^^ the centralizer of the one-parameter subgroup 
generated by C,[z). 

Lemma 4.6.2. // (C, A, u) is fixed by the infinitesimal action of ( G 0*^(2, P(t)) 
then 

(a) Parallel transport by A defines a reduction P(^ of structure group of P to K(^; 

(b) the image of u is contained in the fixed point set P{X)^ = P(^{X^^^'^) , and so 
defines a section o/P^(X^(^)). 

Proof. Let P, z, (pz, be as above. Parallel transport of (^^^{K^) using A defines a 
reduction P(^ C P, since the holonomies of A are contained in K'^ , and restriction of 
A to Pq defines the connection ^4^. Since u is fixed by the infinitesimal action of C,, 
the image of u is contained in the fixed point set. □ 

Corollary 4.6.3. If {A^ u) is a reducible vortex then there exists a reduction Pi of 
P of structure group (of principal bundles with connection) from K to a compact 
subgroup Ki so that u takes values in Pi{X^^) and the corresponding datum {Ai,ui) 
is a stable Ki-vortex. 

Proof. Stability simply means that the stabilizer under the gauge group is finite; we 
may apply Lemma 14.6.21 until this is the case. □ 

Next we show that in good cases, reducibles occur for a discrete set of values of 
the vortex parameter. First we show: 

Lemma 4.6.4. Suppose that the image of u is contained in a component of a 
fixed point set X'^ for some C G t with {^{X^^)X) + 0. Then there is a discrete set 
Z{X^) C (0, oo) such that if u is part of an e-vortex {A,u), then e G Z{X^). 

Proof. Pair Fa = —e^^Xo\j^u*P{^) with (. Since (<I>,C) is constant on X^ , the 
pointwise pairing {Fa,C) is constant. As in e.g. Atiyah-Bott [2], the adjoint orbit 
of Jj,{Fa,C) passes through an element of a finite quotient of A^^, where A^^ is the 
coweight lattice of (namely the coweight lattice of the quotient of by its 
center). Hence f-^{^{X^),() lies in this lattice as well, which can happen for 
only a discrete set of values of e. □ 

Definition 4.6.5. We say that X = {X, uj, <I>) is generic iff for all x G X and rational 
^ G € such that ^ fixes x (that is, (,xix) = 0) the pairing (<I>(x),^) is non-zero, or 
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equivalently, if the symplectic quotient of X by any one-parameter subgroup of G 
is a locally free quotient. 

It is easy to see that the definition of generic implies that the symplectic quotient 
of X by any subgroup of G is a locally free quotient. 

Proposition 4.6.6. Suppose that X is a generic compact Hamiltonian K -manifold. 
There exists a discrete set of values Z C (0, oo) such that if e ^ Z, then every 
polystable vortex is stable. 

Proof. Since the orbit-type decomposition of X is finite, and each component of X'' 
is equal to the closure of some Xjj, there are only finitely many possibilities for X^. 
For each X'^ , by Lemma 14.6.41 the set of vortex parameters e such that there exists 
a reducible vortex with image in X'^ is discrete, which completes the proof. □ 

Remark 4.6.7. Up to finite cover, the stabilizer Kf^ splits as Kf^/U{l)(^ x 
Therefore, in particular we obtain a vortex for the action of K(^/U{1)(^ on the fixed 
point set X^. Later we will be particularly interested in the case that all such 
vortices are stable (that is, not reducible to a further subgroup.) 

Remark 4.6.8. A pair (cr, A) is J ordan-H older the associated graded (Gr(P), Gr(ii)) 
is polystable; the Jordan-Holder pair is not unique but the associated graded is 
unique up to isomorphism, and the map from 7V4„(S,X)a to M„(S,X)a assign- 
ing to each pair (P, u) the vortex underlying the associated graded of any Jordan- 
Holder pair, is continuous [Ij, c.f. [32^ Proposition 1.13] for a similar result for 
framed sheaves. For a reducible polystable pair (P, u) with a single infinitesi- 
mal automorphism consider the splitting Rp^e*T{X/G) = {Rp^e*(T[X/G)))^ © 
{Rp^e*{T{X/G))'®{Rp^e*T{X/G))'^* into positive, negative, and zero weight spaces; 
then the fiber over {P,u) may be identified with the union {Rp^ e* {T {X / G)))^ U 
{Rp^e*{T{X/G))~ , c.f. [651 Section 5] for the corresponding situation in the case of 
Higgs bundles. 

4.7. Regular vortices. In this and the following section, we develop the symplectic 
approach to defining the gauged Gromov-Witten invariants. As for holomorphic 
maps, the moduli space of polystable vortices has a formal tangent space given by 
the kernel of a certain linearized operator. A vortex is regular if this operator is 
surjective, and if every vortex is regular then there is a naive approach to defining 
the invariants. Let {A,u) be an e-vortex on S. Define 

(29) J^Xu ■■ ^\^,P{i))(Bn\^,u*T^'"^P{X)) 

^ (1^°0J72)(E,P(«)) ©Q°'i(S,n*T™'"*P(X)) 

by 

where 0m((^) is parallel transport along exp„(t^). 
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Proposition 4.7.1. ^H, Section 4] The moduli space M{Y!,,X)^ is locally isomorphic 
to the quotient of {J^^ ^)~^ (0) by Ant{A,u). 

The linearization of this map is described as follows. Define 
dA,uia, := dAa + e'^ Vols 

Also define 

: Jii(s,p(t)) ef)°(s,u*r™''*p(x)) ^ f]°(s,p(t)) 

d^.Ja, = *(dA * a + e-i Vols u*Lj^Pm. 
By Section 4] , if {A, u) is stable then the set 

(30) Sa,u = {{A + a,exp„(C)), (a,0 G kerd:^^„} 
is a slice for the gauge group action near {A,u). Let 

denote the map induced by the infinitesimal action. The linearization of the parametrized 
Cauchy-Riemann operator is 

Z)A,«(a,0 = (VaO°'' + ^J«(VgJ)„an + a^^ 
Here 0, 1 denotes projection on the 0, 1-component. 

Definition 4.7.2. For a vortex {A,u) let Da,u denote the linearized operator 

(31) Da,u = {dA,u,d\ u, Da,u), 

which is the linearization of J-^ ^ at (A, u). {A, u) is regular if the operator Da,u is 
surjective. A marked vortex (A, u,z) is regular if the underlying unmarked vortex is 
regular. For a polystable e- vortex {C,A,u) with u = {uo,ui, . . . ,Un), let C denote 
the normalization of C and Dc,a,u the linearized operator 

(32) i^i(s,p(e)) e!^0(C7,u*r™''*p(x)) ^ {n^ ®n'^){^,p{t)) en^'\c,u*TX). 

given by the sum of the operators d^.^jd^^u and the linearized Cauchy-Riemann 
operators D^j on the bubbles. See [25] for the definition of the operator d^ ^; its 
kernel gives a slice for the action of the group of gauge transformations. {A, u) is 
regular ii Da,u is surjective. The space of infinitesimal deformations Def(A, n) is the 
quotient of Da,u by the image of the space aut(C) of infinitesimal automorphisms 
of the rooted curve C. 

Remark 4.7.3. In the case of holomorphic maps, the addition of marked points 
changes the definition of regularity, because one can consider the resulting family of 
curves as a family with fixed markings and varying complex structure. This is not 
the case here, because the family of diffeomorphisms that map the family to one 
with a family with fixed markings produces a varying family of area forms, which 
we wish to avoid. 
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Theorem 4.7.4. Let X he a compact Hamiltonian K -manifold equipped with a com- 
patible invariant almost complex structure. The locus Mj^^^(S,X)e of regular, stable 
vortices admits the structure of an oriented stratified- smooth topological orbifold. 

Proof. This theorem, except for the orientations, is proved in [25j. To see that 
M„ (T,,X) is oriented, note that since A{P) is contractible, the hnearized operator 
Dj^ u admits a deformation to -Daq.u) foi' ^^^Y choice of base connection Aq, and any 
two such deformations are homotopic. The operator Dao,u admits a deformation 
(by sending the off-diagonal terms to zero) to the sum of the operators d^^ ® d^^^ 
and Daq,u- The determinant hne of the latter admits a canonical orientation as 
in [IB] by deforming the linearized Cauchy-Riemann operator to a complex-linear 
operator and using the orientation on the determinant line induced by the complex 
structure. Standard gluing results (see for example [68]) show that this orientation 
is continuous over the boundary. □ 



The evaluation maps in the stack setting above do not correspond to maps of the 
corresponding coarse moduli spaces. Rather, one must pass to classifying spaces 
for the underlying orbifold before the evaluation map is well-defined. We begin the 
symplectic discussion with a review of characteristic classes for orbifolds. Recall that 
a topological groupoid is a groupoid object in the category of topological spaces. The 
coarse moduli space [X] of X is the space of isomorphism classes of objects of X, with 
topology induced by that on Xq . The classifying space of X (or more accurately, its 
geometric realization) is the topological space defined by 

= IJ A„ X (Xi XX,... xxo Xi)/ ~ 

n>0 

where A„ is the standard n simplex and the quotient ~ is by the relations generated 
by the face and degeneracy maps as in [60] . A topological orbifold is a proper etale 
topological groupoid X. See e.g. [55] for references. The classifying space construc- 
tion gives a covariant functor from topological groupoids to topological spaces, that 
is, any morphism of groupoids X induces a continuous map BX — > BY . The 
map from Xq to [X] induces a continuous map q : BX [X] whose fibers are iso- 
morphism to the classifying space of the automorphism groups, q~^{x) = B Aut(x). 
For any orbifold X, pull-back induces an isomorphism in rational cohomology 

(33) H{BXM) ^ H{[X],<^1). 

Indeed, any such classifying space has torsion cohomology, 



i7'=(BAut(x),( 



Q /c = 
otherwise 



For any locally oriented orbifold X, the coarse moduli space [X] has the structure 
of a rational homology manifold: 



Ffc([X],[X] -{x}. 



Q k = dim(X) 
otherwise 
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In particular, if X is compact and oriented then X has a rational fundamental class 
[X] G -f^dim(x) (-'^j Q) ) see for example [7l] . 

Let be a topological group. An orbifold principal K -bundle is a groupoid object 
in the category of principal X-bundles over an orbifold X, that is, a topological 
groupoid P equipped with a morphism of groupoids P ^ X, such that each space 
Pj Xj^j = 0, 1 is a topological principal A'-bundle and the structure maps of P 
are morphisms of principal iT-bundles. The classifying space construction gives a 
topological principal X-bundle BP BX. Taking a classifying map for the bundle 
BP induces a map H{BK,(Q) ~^ H{BX,'Q). Combining this with ()33p produces a 
rational characteristic class map 

(34) HiBK,Q) ^ H{[X],Q). 

In particular, for moduli spaces such as the moduli space of curves Mg^n, bundles 
such as the tangent bundle are orbifold vector bundles and so define honest vector 
bundles on the classifying space BMg^n, which then define rational characteristic 
classes on Mg^n- 

fj. 

Suppose that every polystable e-vortex is stable and regular, so that M„(S,X) 
is a C^-orbifold with a locally free action of K"^. Since any local free action 

admits slices, M^{T,, X)^ M„(S,X)e has the structure of a orbifold principal 

fi- 

JT^-bundle. Assume first that the action of is free. Let V' : M^{T,, X)d — > EK^ 
be a classifying map. Define framed evaluation maps 

ev^' : m!J:(S,X), ^X", {A,u,^,z)^^ou{z). 

Combining ev^'' and ip gives rise to an equivariant evaluation map 

ev:M„(S,X), ^X^, [A,u,z] ^ [i^{A,u,z),ev^'iA,u,z)]. 

If the action of is only locally free, then passing to the classifying spaces gives a 
topological principal i^"-bundle 

BM';^{P,X),^BMn{P,X),. 

Since Mn{P, X)^ is an orbifold, BMn{P, X)^ has the homotopy type of a CW com- 
plex and the bundle above admits a classifying map 

i/j : 5mI[(S,X), ^ EK"". 

fi- 

On the other hand, the classifying space maps onto the underlying space BM^ (S, X)^ 

fj. fj. 

M^{Ti,X). Pulling back the framed evaluation maps gives maps i?M„(S,X)£ 

X". The combined map i?M„(S,X)e EK"' x X" is equivariant for the action of 
K"^ and so descends to a map BMn{T,, X)^ X^. Pull-back in rational cohomology 
and descent under the rational equivalence (j33p induces a map 

(35) ev* : Hk{X, Q)" ^ F(M„(S, X%, Q). 

Denote by / : M„(S,X)e — M„(S) the forgetful morphism obtained by forgetting 
the data {A, u) and collapsing any unstable component. It follows from the definition 
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of Gromov convergence (I4.3.2p for vortices that / is continuous, hence induces a puh- 
back map in cohomology 

The equation ([28|) then defines gauged Gromov- Witten invariants in this case as 
weU. 



4.8. Relaxed vortices. The moduh spaces of vortices are not necessarily regular, 
even in the simplest case that X is convex, since the associated bundle P{X) may 
not be convex either. In this section we describe a method of defining the invari- 
ants in the symplectic context by weakening the vortex equations (introducing an 
obstruction bundle) in the case that the target is convex; it seems possible that a 
similar method might define the invariants for arbitrary Hamiltonian X-manifolds; 
results in this direction have been obtained by A. Ott [53j. For any point f G S, 
section u : T, ^ P{X), and connection A G A{P), construct a map 

rj, : A^^\T^l^]PiX)) ^ (^"'^(S, u*r™^*P(X)) 

as follows. Given € T^^^P{X), radial parallel transport extends C to a local 
section in a neighborhood U of v, 

r?r(exp„(,)(e)) = (e„(,)(e))c. 

Let p : U ^ M be a non-negative function supported in a small neighborhood of 
u{v), and define 



p{x)rfj'' {x) 3^, X = exp„(^) {£) 
otherwise 



For any collection of distinct points 
and cutoff functions 

P = (pi,...,pOeC°°(sy 

consider the forms ry^,- {Ci),i = 1, . . . , L If the cutoff functions are chosen so that the 
supports are disjoint then these forms are linearly independent. We denote by 

7^(P,X) -^A{P) X T{P{X)) 

the vector bundle with fiber 

niP,x,v)A,u = AO'i(r:|;^;)P(x)). 

Definition 4.8.1. A datum {A,u,C) G TZ{P,X,v) is a partially relaxed e-vortex iS 

I 

(36) Fa + Vols u*P{^) = 0, Oau + ^ i]v, iCj) = 0. 
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The linearized operator for a partially relaxed vortex {A, u, Q is obtained by replacing 
Da,u in the definition of Da,u with the operator 

I 

j=i 

The intersection of the zero section of TZ{P, X, v) with the space of partially re- 
laxed vortices may be identified with the space of ordinary vortices. More explicitly, 
let p*n{P,X,v) denote the pull-back bundle over TZ{P,X,v) by p : n{P,X,v) 
A{P)xT{P{X)). The identity map defines a section of p*7^(P, X,v), so that n{P, X) 
is the zero section. 

More informally, the space of partially relaxed vortices may be identified with the 
space of pairs {A, u) that satisfy the vortex equations up to the finite dimensional 
subspace generated by the forms r]y.{-), that is, satisfy a relaxed version of the 
symplectic vortex equations. 

Given a collection 9 = (6'i, . . . , 6*^) G n'^{^,P{t)), let n{P,X,v,e) be the vector 
bundle with fibers 

I 

n{p,x,v,e)A,u = a°'Ht„7;*)^'W) eM^ 

Let A = (Ai, . . . , Afc) be a collection of real numbers. 
Definition 4.8.2. A datum {A,u,X,C) is a relaxed e-vortex iS 

k I 

(37) FA+Yol^u*P{'^) + J2^i0i = 0, dAU + J2vvACi) = 0- 

i=i j=i 

The linearized operator for a vortex {A,u,X,C) is obtained by replacing dA,u in the 
linearized operator for the partially relaxed vortex with the operator 

k 

dA,u,x{a, 7) = dA,«(a, 6 + X] '^^^r 

Suppose that 9 is chosen so that the span is invariant under IC(P). Then the 
action of the group IC{P) of gauge transformations on A{P) x T{P{X)) lifts to an 
action on 7?.(P, X, v, 9) by push- forward of C and the given action on A, and preserves 
the relaxed vortex equation in Definition I4.8.2[ A relaxed vortex is stable if it has 
finite automorphism group, that is, its stabilizer under the gauge group is finite. 

Let M{P, X, V, 9)e denote the moduli space of relaxed vortices, and M^^^{P, X, v, 9)^ 
the subset of stable, regular relaxed vortices, that is, those for which the linearized 
operator is surjective and the automorphism group is finite. Marked and framed 
versions are defined as before: 
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Definition 4.8.3. A relaxed prestable vortex on S is a datum of a principal bundle 
P ^ S with connection A, a stable map u : C ^ P{X), an element Q € T^'^P{X) 

and an element A G so that (^,n,A, C) is a relaxed vortex on S. A relaxed 
vortex is polystable if each bubble on which the section is constant has at least 
three special points, and stable if it has finite automorphism group. The linearized 
operator for {A, u, A, C) is obtained from the linearized operator Da,u by replacing 
Da,uo with Da,uo,C ^^'^ ^A,uo with d^^^^^A as in Definitions 14.8.11 14.8.2[ The datum 
{A, u, A, C) is regular if Da,u,x,( is surjective. The space of infinitesimal deforma- 
tions Defr(^, u, A, C) of fixed type is the quotient of Da,u,x,( by the image of the 
space aut(C) of infinitesimal automorphisms of the rooted curve C. The space of 
infinitesimal deformations T>ei{A,u,X,C,) is the sum 

m 

Def ( A, u, A, C) = Def r (A, u, A, C) C T^- C 

i=l ^ 

where the second factor is the space of "gluing parameters" . 

Let Mn{P,X,v,6)^ denote the moduli space of isomorphism classes of relaxed 
polystable vortices with n markings z (disjoint from the nodes but possibly equal to 
the points v)i ^^n^ {Pi X)V.iG)e the locus of regular, stable relaxed vortices. 

Theorem 4.8.4. Suppose that X is a compact Hamiltonian K-manifold equipped 
with a compatible invariant almost complex structure. Then M^^^{P, X,v,6)^ has 
the structure of a stratified- smooth topological orbifold, and (non-canonically) the 
structure of -orbifold. 

The proof of this theorem uses the gluing construction of [25]. Namely, for any 
regular stable relaxed vortex (A, u, A, C) the gluing construction of [25] gives rise to 
maps 

Def (A, u, A, C)p/ Aut(^, n. A, C) ^ m7(^, X, 6, v)e, 
where Def(yl, u. A, C)p C Def{A,u,XX) is a ball of some radius p around 0. The 
rigidification construction of [25j shows that these maps are homeomorphisms onto 
their images, hence define orbifold charts for M„ (P, X, ^, t;)^. Stratified-smooth 
compatibility and C^-compatibility using the exponential gluing profile follow from 
differentiability of the evaluation map in these local coordinates, as in [25j. 

Theorem 4.8.5. Suppose that J € J'{X)^ is convex and d G H2^{X). There 
exists V and 9 so that in a neighborhood of Mn{P,X,d)^ in Mn{P, X,v,9,d)e, every 
relaxed, stable vortex is regular. 

Proof. It suffices to choose v and 6 so that if /? = (/3i,/32) lies in the cokernel of 
Da,u ® dA,u for {A, u) G Mn{P, X, d)^ then either /5i is non- vanishing at at least one 
of the points Vj,j = l,...,lorfi2 pairs non-trivially with some 6i,i = 1, . . . ,k. This 
choice is possible since Mn{P, X, d)^ is compact. Then every element of Mn{P, X, d)^ 
is regular as a relaxed vortex, and since regularity is an open condition the claim 
follows. □ 
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The bundle R{P, X,v,9) over A{P) x T{P{X)) descends to an orbifold obstruction 
bundle over the regular, stable locus 

R{P,X,v,e% ^ M'^^P,X,v,9), 

equipped with a canonical section given by the identity map, so that the zero set 
is the moduli space M(P, X)^ of ordinary vortices. It admits a natural partial 
compactification 

Rn {P, X, V,e),^ {P, X, V, 6), 

with the same property. If K"^ acts freely on the moduli space of framed relaxed 
vortices we have an evaluation map 

ev:W^''{P,X,v,e%^X^. 

More generally, in the presence of finite stabilizers the evaluation map ev* is defined 
over the rationals, as in (I35p . Let 

f :Mn{P,X,v,e),^Mn{^) 

denote the forgetful morphism. Let Eul(i!„(P, X, G Hc(MniP, X,v,e)e,Q) 

denote a compactly supported Euler class of the orbifold bundle Rn{P, X, v, 6)^, con- 
structed by pulling back a Thom class supported near the zero set in Rn{P, X,v,9)^, 
under the canonical section. Suppose that every relaxed vortex is stable and regular 
in a neighborhood of the usual vortices, and the automorphism group is finite. 

Definition 4.8.6. Let X be a compact Hamiltonian if-manifold equipped with 
a convex invariant complex structure J G J'{X)^. For each d G H^{X,7j) and 
parameter e such that every e- vortex has finite automorphism group, let v,6 so that 
very vortex is relaxed regular and for a G Hk{X,Q)"-,P G -ff(M„(S),Q) define 

(38) {a;p)d,e = y^ [_ Enl(RniP,X,v,e),) Aew* a A Tp 

p J Mn{P,X,v,e,d)^ 

where the finite sum is over types of bundles P ^ S whose first Chern class is the 
projection of d onto H2{BK,7j). 

Proposition 4.8.7. The invariants (p8]) are independent of the choice of v and 9. 

Proof. This is a straightforward application of properties of the Euler class, see for 
example [12]. □ 

Note that we do not claim to have proved that the definition via relaxing the vortex 
equation, is equivalent to the definition via perfect obstruction theory, although one 
of course expects that the two approaches define the same invariants. 
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4.9. Twisted gauged Gromov-Witten invariants. Returning to the algebraic 
set-up, we define twisted versions of the gauged Gromov-Witten invariants. Twist- 
ing means that the integrals are modified by insertion of Euler classes of index 
bundles. Given a smooth projective G-variety X and G-vector bundle E ^ X, let 
ev*_|_j^ £" denote its pull-back to A^„+i(S,X)e, and Ind{E) := Rfn+i,*ev^^iE its 
push-forward to A^„(S,X)e. Consider the equivariant Euler class, equivariant with 
respect to the C/(l)-action on the fibers: 

Eult/(i)(Ind(ii;)) e //(M„(S, X%, Q) Qf^, T']- 

The corresponding twisted gauged Gromov- Witten invariant is 

(«; P)d,e,E = I ev* a A A Eult;(i) (Ind(ii;)) G Q[e, T'] 

J[M„{T.,X4)^] 

and 

d&H§{X) 

Theorem 4.9.1. Let X,T,,E be as above. The twisted gauged Gromov-Witten in- 
variants Q E define a cohomological trace on GWg{X,E). 

Proof. Similar to the proof of Theorem I3.2.3[ □ 

From the symplectic point of view Ind(-E) is the K-c\ass whose fiber at {A, C, u) 
is the index of the Fredholm complex 

dA{E) : QP{C,u*P{E)) n\C,u*P{E)) n\C,u*P{E)). 

The same construction works for a nodal curve of type F, and produces a -ftT-class on 
the stratum Mn^rC^, X)^. The gluing construction for indices of elliptic operators 
\68\ Theorem 2.4.1] implies that the ET-classes over the various strata fit together to 
a rational i^-class Ind(£') on M„(S,X)e. 

5. Area dependence 

In this section we study the variation of the gauged Gromov-Witten invariants 
with respect to the vortex parameter e, that is, the dependence on the area of the 
curve. We remark that by Moser's theorem [48], any two area forms on S with the 
same area are equivalent up to diffeomorphism. Thus it suffices to consider linear 
variations of area form. 

5.1. Polarized vortices. Using the Ghern-Simons line bundle [55) . [47) we con- 
struct a master space for the moduli spaces of symplectic vortices with varying 
vortex parameter, that is, a finite-dimensional (possibly singular and degenerate) 
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Hamiltonian [/(l)-space whose symplectic quotients are M{T,, X)^. Fix a base con- 
nection Aq. The trivial hne bundle A{P) := A{P) x C with connection 1-form 

a € nHAP)), «A(a, X)=X + ^J^{aA{A- Aq)) 

has curvature equal to — 27rz times the symplectic form corresponding to the inner 
product. One may use the Chern-Simons three- form to show that the canonical 
infinitesimal action of /C(P) defined by the moment map defines an action of /C(P) 
on A{P). Let 

4> : A{P) ^ M, A^ \A\ 

denote the norm function. Consider on A{P) the closed two- form given by d{(j)a). 
The action of IC{P) on A{P) is Hamiltonian with moment map given hy A 
4>iA)FA. Let n{P,X) denote the pull-back of ^(P) to n{P,X), that is, 

n{P,X) = {{A,u) \ Oau = 0} C A{P) X Map(S,P(X)). 

7i{P, X) has a formal symplectic structure so that the action of /C(P) has formal 
moment map given by 

n{P,X) ^ r?2(S,P(e)), i^(/.(i)FA + Vols'u*P($). 

This motivates the following definition: 

Definition 5.1.1. A polarized vortex is pair {A,u) G 7i.{P,X) such that the pro- 
jection {A, u) € X) is an (j){A)-voitex. An isomorphism of polarized vortices 
{Aj,Uj),j = 0, 1 is an element k G /C(-P) such that k{AQ,UQ) = {Ai,ui). The pair 
{A, u) is stable if it has finite automorphism group. 



Proposition 5.1.2. If X is generic as in Definition \4-6-5 , then every polarized 
vortex is stable. 

Proof. A gauged holomorphic map (^4, u) is fixed by a one-parameter subgroup ^ G 
Q^{T,, P{t)) if and only if {A,u) is .^-fixed and acts trivially on the fiber, that is. 

Fa) = 0. Now if A is ^-fixed then the structure group reduces to the centralizer 
of the evaluation of at a base point, and we may assume that ^ is a constant gauge 
transformation. By the vortex equation (it*P($),^) also vanishes, which implies 
that u maps to a component xf of the fixed point set X^ such that {^{xf),^) 
vanishes, which contradicts the genericity assumption. □ 

5.2. Compactification. L{T,,X) admits a natural partial compactification by poZt/sta6/e 
polarized vortices, which allow bubbling of u in the fibers of P{X). 

Definition 5.2.1. A prestable polarized vortex consists of a prestable gauged map 
{A,u), together with a lift of A G A{P) to an element A G A{P). An isomor- 
phism of prestable polarized vortices is an automorphism of the domain and a gauge 
transformation mapping one to the other. A marked polarized vortex is a marked 
vortex (C, A, z,u), equipped with a lift of A to an element A G A{P). A framed 
polarized vortex is a framed polystable vortex together together with a lift ^ of ^. A 
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prestable polarized vortex is polystable if each bubble component has at least three 
special points. A polystable polarized vortex (A, u) is stable if its automorphism 
group Aut(^, u) is finite. 

Remark 5.2.2. By definition we have an injection Aut{A,u) Aut{A,u). Thus, 
if {A,u) is unstable, then so is its projection {A,u). It is a crucial point for this 
paper that the converse does not hold: there exist stable polarized vortices whose 
underlying vortices are only polystable. This is what makes it possible to obtain 
wall-crossing formulas. 

Let L{P, X) denote the moduli space of polystable polarized vortices, and X) 
the union over topological types of bundles P — S. The definition of the Gro- 
mov topology on L{T,,X) is similar to that of M{T,,X), and will be omitted. Let 
L(S, X, d) denote the component of homology class d G H^{X, Z). Let Ln(S, X, d) 

resp. L^{T,, X, d) denote the moduli space of polystable marked, resp. framed vor- 
tices of homology class d. This space is certainly not compact, because the value 
of the norm (j) can run off to or cxo. The correct analog of compactness is the 
properness statement in the theorem below: 

Theorem 5.2.3. L„(S,X) is a HausdorjJ topological space. For any c > 0, the map 

(j) extends to a continuous proper map 

[j ^ (0,oo). 

(d,[u>K])<c 

For parameters e_ < e+ we denote by L„(S, the cut space defined in ([8]) 

(we use the same definition although L„(S,X) is only formally symplectic) 

L„(S,X)[,_,,^] := I„,(S,X)xPL[^_^^^]//C/(1) 

^ M„(S,X),_ U,^-He_,e+)UM„(S,X),^. 

Theorem 5.2.4. For any e_,e-)- € (0, oo), -L„,(5], is a H aus dor jf topological 

space. For any c > 0, the union of components L„(S, X, d)^^^^^^] with {d, [u^k]) < c 
is compact. 

Proof. Immediate from properness of (p from the previous theorem. □ 
5.3. Structure of the fixed point sets. 

Lemma 5.3.1. The projection of the fixed point set LnCS, X)^^^^ to M„(S,X)e 
consists of reducible vortices. 



Proof. {P,A,u) is fixed up to gauge transformation by U{1), then there exists a 
C G i{P) such that exp{i6){P, A,u) = ex.p{i9(){P, A,u). Thus the underlying vortex 
(P, A, u) is fixed by C € « (P) . □ 
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As we explained in Section [4.61 reducible vortices are vortices for small structure 
group. We say that n-marked Q-fixed vortex is a datum {P,C,z,u) where P is a 
principal -fC^-bundle and u : C ^ P{^) is a stable map fixed up to isomorphism 
by the automorphism induced by C,. Let M„(S,X, 0^ denote the moduli space of 
C-fixed e-vortices, up to i^'^-gauge equivalence. Inclusion of in K induces a map 

which by the discussion above is surjective as C, and e vary. (Compare with Lemma 
12.3.31 ) However, the maps are certainly not injective: equivalence under the 
action of the group of gauge transformations of P{K) does not imply equivalence 
under the group of gauge transformations of P. Instead, let C W denote the 
Weyl group of K(^, or equivalently, the stabilizer of C, under the adjoint action of W . 

Lemma 5.3.2. has fiber isomorphic to W/W(^. 

Proof. The fiber is the set of X^^-vortices inducing the same i('-vortex; the set of 
X-gauge transformations which preserve the set of ii'^^-vortices is the space of gauge 
transformations with values in the normalizer N{K(^), and the result follows from 
the isomorphism iV(K^)/K^ ^ IF/VF"^. □ 

5.4. Stable polarized gauged maps. In this section we develop an algebraic in- 
terpretation of the moduli spaces of polarized vortices studied in the previous sec- 
tion. The Chern-Simons line bundle descends to a topological line bundle over 
the moduli stack of bundles IIom(S, pt /G), where it is well-known to be equiv- 
alent to some (possibly fractional) tensor power of the determinant line bundle 
det(y) = det(iip*e*y[l]) associated to a G-module see [56] . 

Definition 5.4.1. A pre-stable polarized gauged map is a datum (P, 6, C, u) consist- 
ing of a prestable gauged map {P, C, u) over a scheme S and a lift 5 of P to the total 
space of det{V). 

We denote by £„(S, A") the category of polarized gauged maps with n markings. 

Proposition 5.4.2. £„(S, A) is an Artin -stack. Its stable locus is equipped with 
a canonical C* -equivariant perfect obstruction theory. 



Proof. The first claim is by minor modifications of the argument of Theorem I4.4.2[ 
The obstruction theory is defined as before, first relative to the stack £„(S,pt) of 
prestable polarized gauged maps with target pt /G and then by competing the exact 
triangle in involving the cotangent complex to £n(S,pt), as in [27^ Appendix]. The 
stability condition implies that its restriction to the stable locus is perfect. □ 

We now define proper Deligne-Mumford C*-stacks whose circle actions give rise 
to the wall-crossing formula. For any A S (0,00), let CnC^, X)x denote the stack of 
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polarized gauged maps whose underlying gauged map is A-semistable, and 'Cn(S) ^)*x 
the substack consisting of data (P, 6, C, u) with 5 G det(y) non-zero. Let 

£„(S,X)a(C) = £„(S,X)^ xc* C, Z„(S,X)a(C^) =Z„(S,X)^ xc- C^, 

where denotes the one-dimensional representation with weight —1. For simplic- 
ity, we assume that (e_,e-|-) contains a single critical set with vortex parameter A, 
containing a single fixed point component corresponding to C-fixed vortices with 
structure group C K. Consider the open embeddings i2„(S,X)^^ — > Cn{T,,X)x 
whose complement is the closed substack of bundles that are e± stable but not 
eip-stable. Define 

(39) Z„(S, := Z„(S, X),_ (C) U^^(s^^)^ Z„(S, X),^ (C^). 

,;^] admits a canonical morphism to A^„(S,X)a, defined by forgetting 
the determinant lift, and using that any e±-semistable is also A-semistable. We 
denote by ^An{^, X,()x the stack of gauged maps to X which are fixed by the 
action of the automorphism induced by (, and by 

the map induced by the inclusion G, that is, {P,C,u) i— > {P{G),C,u) where 

we identify {P{G)){X) := P Xq^ G xq X with P{X) := P xq^ X. 

Theorem 5.4.3. Suppose that all automorphism groups of polarized vortices with 
parameter in [e_,e+] are finite. Then is a proper Deligne-Mumford 

stack with coarse moduli space homeomorphic to the moduli space L„(S, of 
polarized vortices. The C* -action on CniX'^X)[e-,e+] has fixed point components 

(40) Cn{T.,X)fi^^^^=M^{T.,X\_ UA7„(S,X),^ U6c(A7n(S,X,C)A). 

The normal complex of i,^ (whose image is the third component above) is the (^-moving 
part Rp^e*T{X/G)^^ of Rp^e*T{X/G). 

Proof. The homeomorphism with the coarse moduli space follows the similar result 
for the moduli space of gauged maps Theorem 14.4.71 and we will give only a sketch. 
Consider the cut space 

niP,x\,_^,^] := in{p,x) X Pi[,_,,^])//c/(i). 

The action of G{P) x C* on Ti.(P,X) descends to an action on 'H{P, X)[^_^^^-^ and 
the action of JC{P) x U{1) is Hamiltonian with moment map 

[A, u, x] ^ ((/.(i)F4 + u*P{<^>) Vols, (/>(i)). 

The same argument as in Mundet (carrying along the determinant lifts) shows that 
the Hilbert-Mumford criterion holds in this case, that is, [A, u, z] is ^(P)-equivalent 
to a solution to 

(41) (I){A)Fa + u*P{<^) Vols = 
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iff [A, u, x] is stable for all one-parameter subgroups, that is, the limiting value 
{4i{A)Fa + n*P(<I)) Vo1e,0 under the flow of exp(-it^) for any ^ G t{P) is non- 
positive. Suppose that (j){A) = e±. Then H{P,X)^_^ = 7i{P,X), equipped with 
vortex parameter e±, so the stability condition is that of the underlying vortex 
for parameter e±. On the other hand, suppose that (p{A) € (e_,e+). Consider 
the one-parameter subgroup generated by for some € i{P)- Without loss of 
generality suppose that Jj,{Fa,^,) is non-negative. Since the lift of the action of 
/C(P) to A{P) has vertical component /^^(F^,^), the flow of exp(— i^t) decreases 
the norm of the determinant lift A, so that the limiting value of is C- or A. 
Let Gr(^) denote the limiting connection; if the value is e_, then the limiting value 
(^Gr(A) ) + (Gr(u)*<I>, ^) is non-positive if and only if it is also non-positive 
for vortex parameter A. (A change of sign results only from passing through a 
vortex parameter for which reducibles occur, and by assumption none such occur 
between e_ and A.) Thus the datum [A, u, x] is stable iff it is stable for parameter 
A. A similar discussion for the case with bubbles shows that (|39p describes the stack 
of stable bundles in this sense; the homeomorphism to the coarse moduli space 
assigns to any pair (P,u,6) the corresponding solution of (j4ip . That this map is a 
homeomorphism follows as in the proof of Proposition 14.4.71 and will be omitted. 
Properness of follows since the coarse moduli space L„(S, 

is compact and Hausdorff. The claim on virtual normal bundles follows from the 
definition of the perfect obstruction theories. □ 

For the purposes of applying virtual localization later we will need the following: 

Lemma 5.4.4. admits an embedding in a non-singular Deligne- 

Mumford stack. 

Proof. First we show that 7W„(S,X)a embeds in a non-singular Deligne-Mumford 
stack. Choose a degree d, and consider the substack >Cn(S, X, ,;^] of maps of de- 
gree d. Choose an Artin chart R/H for the moduli stack of bundles, such that every 
bundle in MnC^, X,d)x appears in R/H; such an R/H exists since A4„(S,X, d) is 
proper. Then AinC^, X,d)x is naturally an open substack of A^g^„(S x R{X))/H. 
Choose an embedding of S x R{X) into some P^; then X, d)\ is an embed- 

ded substack of ATg,„(P^) /if. The open subset where H acts with finite stabilizer 
is naturally a (non-separated) non-singular Deligne-Mumford stack [35^ Appendix]. 
The proof for is similar, using the fact that the determinant line 

bundle can be written as an //-quotient of a line bundle on i?, see [61], |57j . □ 

5.5. Polarized gauged Gromov-Witten invariants. The evaluation morphism 
ev : £,„ (S, — > is G^-equivariant and C*-invariant and induces a map 

ev* : Hg{XMT ^ i/c-(^n(S,X)[,_,,^],Q). 
Similarly the forgetful morphism is C*-invariant and so induces a map 
r : H{Mn{^)M) ^ //c*(In(S,X)[,_,,^],Q). 



42 



EDUARDO GONZALEZ AND CHRIS WOODWARD 



Given a collection a = {ai, . . . ,an) € Hg{X)^ a class P € H{Mn(T,)) and an 
interval [e_,e+] such that every polarized vortex with parameter in (e_,e+), and 
every vortex with parameters e± has finite automorphism group, the polarized gauged 
Gromov- Witten invariant is 

i[L„(S,X,d)[,_,,^]] 

Here ^ is the equivariant parameter for the C*-action induced by scalar multiplication 
on det(l^). Define polarized correlators 

d€HG(X) 

Theorem 5.5.1. Suppose that X is a smooth projective G-variety, and [e_,e+] 
such that every element o/L„(S, has finite automorphism group. Then the 

invariants q define a cohomological trace on the cohomological field theory 

GWciX) of TheoremlKKEwith values in [C]. 

The proof is similar that of Theorem I4.5.3[ Namely, the boundary divisors for 
X, ,;^] are of the form 

(zL„l+i(S,X,(ii)[,_,,^] xxMo,\i\+i{X,d2)) 

with / C {1, . . . , n} and di + d2 = d. This description and the compatibility of the 
perfect obstruction theories as in Behrend [1] give the splitting axiom (|20p , as in the 
proof of Theorem I4.5.3[ 

Similarly for any C G consider the stack of C-fixed maps X, 0^. The same 

considerations as before give rise to a perfect obstruction theory on A^„(S,X, 0^, 
assuming each (^-fixed vortex has a finite automorphism group. Define a C -fixed 
gauged Gromov- Witten invariant 

(a; /?)*"jf , = [_ ev* a A A Eulc^ {Rp,e*TiX/Gf^) G Q[C]. 

J[M„{T,,X,(;,dc)e] 

However, these do not form a cohomological trace because the bubble components 
are constrained to lie in the fixed point set of C on the moduli space of stable maps. 



5.6. Wall-crossing formulae. Suppose that every polarized vortex with parameter 
in (e_, e+) and every vortex with parameter e_ or e-(_ has finite automorphism group. 
The wall-crossing formula of Section [2.31 applied to the action of C* on £„(S,X, d) 
(using virtual localization of Graber-Pandharipande (27j and the embedding Lemma 
[CTI]) yield 



(42) {a;l3)d,e+ - {a;P)d,, 



Res£ ( y / t*p{ev* a A /*/?) A Eulc* ] 
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where F ranges over the fixed point components of C* on d), with value 

of (p between e_ and e+, and denotes the equivariant parameter for the C*-action. 
By Section [5.31 and (|40p . the fixed point locus is the union of images of the stacks of 
C-fixed vortices as ^ ranges over generators of one-parameter subgroups. We denote 
by 

the map in equivariant homology resp. cohomology induced by the inclusion of 
in G. We write i-^ d if d € H§{X) is the image of £ H^'-iX). 

Theorem 5.6.1 (Wall-crossing for gauged Gromov-Witten invariants). Suppose that 
e_,e+ are as above. Then 

(43) (a;/?),,,^ - (a; = EE E R^^^f S^^"! 

Proof. By ()l2]) and the description of the fixed point sets (|^0|) . □ 



In good cases, the above wall-crossing formula gives a closed formula for the 
gauged Gromov-Witten invariants as a sum of fixed point contributions. We start 
with the 

Lemma 5.6.2. Suppose that P is not trivializable. There exists eo > such that 
Mn{P, X)i: is empty for e > eo 

Proof. Since P is not trivializable, there exists a constant c such that any connection 
^ on P has curvature with ||-Fyi||L2 > c, see [2], [T7]. Choose eq so that Eq ^ sup$ 
is smaller than c; the vortex equation Fa + Vols u*P{^) has no solutions for 
e > eo. □ 

Definition 5.6.3. A degree d € H2'{X) is strictly equivariant if its image under the 
map H2'{X) — > H2{BG) is non-zero. 

For any vortex (P, A, u) with strictly equivariant degree d, the first Chern class 
ci(P) and hence the bundle P are non-trivial. The wall-crossing formula in this 
case gives a formula for the gauged Gromov-Witten invariants in terms of twisted 
invariants for smaller structure group: 

Corollary 5.6.4. Suppose that X, a, (3, d are as in the statement of the wall-crossing 
formula Theorem 15. 6.1[ If d is strictly equivariant, then for any eo > 0, 

(«;/3)<^,ec = E E E Si^^«c(pgc«;/5)*ctV 
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5.7. The large area limit. Elsewhere we hope to explain the relationship between 
the large area limit of the gauged Gromov-Witten invariants to the Gromov-Witten 
invariants of the quotient X//G, generalizing the results of Gaio-Salamon |21j . Here 
we only establish that such a limit exists. 

Lemma 5.7.1. Suppose that X//G is a locally free quotient. Then for each d G 
H2{X,Z), the set of values e such that Af(S,X, contains a reducible is finite. 

Proof. Suppose otherwise, so that {A^,Uu) is a sequence of ei, vortices of constant 
degree, with infinitesimal automorphism Since there are only finitely many 
automorphism groups of vortices, we may assume that Cu is constant in v. Suppose 
first that Ci, 0. Then by the results of Gaio-Salamon [21] and Ziltener [721 Lemma 
D.3], the sequence {A^,Uu) converges after gauge transformation and passing to a 
subsequence to a map Uoo : S — > X// G uniformly in all derivatives on the complement 
of a finite set. But since {Ay,Uy) is ^-fixed, so will be Uoo, which is a contradiction. 
A similar argument in the case that — > 0, using the results of [24], shows that in 
this case {Aiy,Uu) converges to a map Uoo : S ^ X with average moment map zero, 
fixed by which is also impossible under the locally free assumption. □ 

Presumably the conclusion of the lemma is also true without the locally free 
assumption, but we do not see how to prove it. Next consider the sum over homology 
classes, 

Tla,e-QHGiX,qr0H(Mnii:))^A'^, (a,/?)^ Yl ^'^'("S/^W- 

Corollary 5.7.2. If X//G is a locally free quotient, then q ^ has a formal limit 
^x,G,oo as e^oo. 

Proof. By Lemma 15.7. H in each degree the invariants (a; P)d,e are constant for e 
sufficiently small. □ 

Note that as e — > and d — > oo, infinitely many terms appear in the wall- 
crossing formula, corresponding to increasingly large first Chern classes. It would 
be interesting to compare this phenomenon with the "affine symmetry" studied in 



5.8. Regular polarized vortices. We can give a symplectic definition of the po- 
larized vortex invariants, in the case that every polarized vortex satisfies a certain 
regularity condition. The linearized operator for a polarized vortex {A, u) with 
p = (j){A) is the operator 

(44) Dj^^^ : n\j:, e c e o°(s, u*r^^'-*(p(x))), 

(a, (5,0 ^ (d^,„(a,C,<5),d^_„(a,0,^A,«(a,0) 
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where 

(45) „(a, 6, ■■= dA,u{a, + ^Fa- 

A polarized vortex is regular if ^ is surjective. Let L{P, X) denote the moduli 
space of polarized vortices. That is, L{P, X) is the symplectic quotient 

L(P, X) = {{A, u) I (A(i)FA + Vols u*<^> = 0, Oau = 0}//C(P) 

L{P,X,d) the component of homology class d G H2 {X,Z), and U^^{P,X,d) C 
L(P, X, c?) the locus of stable regular polarized vortices. 

Theorem 5.8.1. U^^{P,X,d) has the structure of a smooth, finite dimensional 
manifold with dimension 

dimL'''^{P,X) = 2((1 - g) dimc(X) + {ci{TX),d) - dim{K) + 1). 

The proof is essentially the same as that for regular stable vortices, using the 
implicit function theorem for Banach spaces for the map 

•^A, J«> = iH^ + d)FA+a + Vols exp„(0*^(^), dl,„(a, 0, Oui^-'dA+a exp je)) 

whose linearization is ^; here d = (a, ^) is an element of T^{A{P)) = il,^{T,, P{t)) x 
C, and &u{0 denotes parallel transport using the modified Levi-Civita connection 
described in [36]. 

The linearized operator ^ for a nodal polarized vortex is obtained from Da,u by 
replacing the operator dA,uQ with d^ of (fiSl) . {A, u) is regular if ^ is surjective. 
The space of infinitesimal deformations of fixed type Defr{A,u) is the quotient of 
ker(D^ ^) by the image of the space aut(C) of infinitesimal automorphisms of the 
rooted curve C. The space of infinitesimal deformations Def(^,ii) is the sum 

m 

Def(i, u) = Defr(i, n) T^+C ® T^-C. 

i=l ^ ^ 

where the second factor is the space of "gluing parameters" . 

The subset of stable regular polarized vortices admits the structure 

of an oriented stratified-smooth topological orbifold and, non-canonically, a C^- 
orbifold. The proof uses the gluing construction of [25j. Namely, for any polarized 
vortex [A, u) the gluing construction of [25j modified to include the lifts gives rise 
to maps 

Def (i, u)p/ Aut(i, u) X), 

where Def (A, u)p C Def (^, u) is a ball of some radius p around 0. The rigidification 
construction of [25j shows that these maps are homeomorphisms onto their images, 
hence define orbifold charts for X). Stratified-smooth compatibility and C^- 

compatibility using the exponential gluing profile follow from differentiability of the 
evaluation map in these local coordinates, see [25j . 
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Evaluation at the marked points defines equi variant evaluation maps 

ev^ : L;,'(S,X) ^X". 

If {T,,X) — > L„ is a principal i^'"-bundle then combining this with 

a classifying map gives an evaluation map ev : L„ by the same 

argument as in Section H31 More generally, if L^^i^'^^^{T,,X) —>■ lI'^^{T,,X) is an 
orbifold principal i('"-bundle then we obtain a classifying map on the classifying 
space BLn{T,, X) of the orbifold -Ln(S, X), and hence a map ev : BL^^^{T,, X) — > X"^ 
and a pull-back map in cohomology 

ev* : HK{Xr - H{Br:\j:, X),Q) - HiV^'^i^, X),Q). 

Relaxed regular polarized vortices are defined similarity, and allow to achieve relaxed 
regularity for all polarized vortices if the target X is convex. Under the regularity 
assumptions the wall-crossing formula then follows from localization for the U{1)- 
action on . 

6. Abelianization 

The abelianization or quantum Martin conjecture of Bertram, Ciocan-Fontanine 
and Kim ^ relates the Gromov-Witten invariants of a symplectic resp. geometric 
invariant theory quotient of X by IT resp. G with the twisted Gromov-Witten 
invariants of the quotient by the maximal torus T; we denote by the same notation 
the complex torus and assume both quotients by G and T are free. Consider the 
canonical map Z) — > Z). Any element dx € H^{X,1i) in the pre- 

image of do G H2iX,Z) is called a lift of dQ. In particular, a class dx € H2{X//T) 
is a lift of do S H2{X//G) if the image of dx in maps to the image of do in 

H2{X). If so, we write dx ^ do- For X a G- variety, and V a T-representation let 
V//T := $^^(0) Xx V denote the associated vector bundle over X//T. In particular, 
g/t//T X//T is the sum of the line bundles associated to the roots. Motivated 
by a conjecture of Hori and Vafa [3H Appendix] relating Gromov-Witten invariants 
of the Grassmannian with those of products of projective spaces, Bertram-Ciocan- 
Fontanine-Kim [8] conjecture the following 

Conjecture 6.0.2 (Quantum Martin formula). For any classes a = (ai, . . . G 
Hg{X)^ and [i G H(MQ^n), the Gromov-Witten invariants for X//T and X//G are 
related by 

{KGia);f3)x//G,dG = \^\~^ Yl ('^r(/'T");/3)x//T,dT,(g/t)//T- 

As we explain elsewhere, we believe that this conjecture holds only after suit- 
able "quantum Kirwan corrections" for arbitrary X. However, for gauged Gromov- 
Witten invariants we expect that the conjecture is true as stated. 

Theorem 6.0.3 (Abelianization for gauged Gromov-Witten invariants). Suppose 
that X is a generic smooth projective G-variety. For any vortex parameter e G 
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(0, cxd) such that the moduli stacks M.n{'^-,X-,G)f^ and M.n(T,, X,T)^ have only finite 
automorphism groups, do € H2"{X), and a S Hg{X)"-,P e H{Mn{'S)), we have 

dT^dc 

where the twist is by the index bundle associated to the T -representation g/t. 

The proof proceeds via a more general conjecture regarding fixed gauged Gromov- 
Witten invariants. Namely, for any sequence C, = (Cij C2, Cs) • • • > Cfc) ^ f'^ of Lie alge- 
bra vectors as in the previous section, let (a; /3)a™''^ denote the iterated C-fixed 

gauged Gromov-Witten invariant of the previous section, obtained by recursively 
taking fixed points under the various C*-actions generated by the c.f. Guillemin- 
Kalkman [28^ Section 4] for the formula in the finite dimensional case. 

Theorem 6.0.4 (Abelianization for twisted gauged Gromov-Witten invariants). 

Suppose that X is a generic smooth projective G-variety. For any vortex parameter 
e E (0,cx)) such that the moduli spaces MnC^yX^jGt^i^jd^^)^ and Aini'^,X^,T,dT)t 

G 

have only finite automorphism groups for all dx d(^^, d(^^ € H2 '''"(X), and a € 
HG{XY\l3e H{Mn{^)), we have 

(46) (pg^^a;/?)*^'fi^^^ =|TycJ-^ E ^Pt^'^ P)t^d^- 

Proof. The equality holds for the chamber of sufficiently large e by the results of [24j 
(or in the strictly equivariant case, since both sides are zero.) The proof for arbitrary 
e is by induction on dim{G(^f,/T), by comparing the wall-crossing terms in Corollary 
15.6.41 Clearly the equality holds for G^^^. = T. Next, suppose that the equality holds 
for all groups with dim(G^^/r) < dim(G^j./r). It follows from the inductive 
hypothesis that the equality (j46p holds for the fixed point contributions in Corollary 
[5M hence for (q; 13)^^,%^ □ 
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